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PREDSLOV
FOREWORD

Napad na dvojjazyéniu zbierku tiloh poskytla kniha
autorov Horst W. Hamacher a Kathrin Klamroth:
Lineare Netzwerk-Optimierung / Linear and Ne-
twork Optimization, Vieweg, 2000. Verim, ze dvoj-
jazycna forma pomoze Studentom lepsie si osvojit’
standardni anglicki terminolégiu linedrneho prog-
ramovania a celkove zlepsit’ jazykové kompetencie
a sucasne text v materinskom jazyku im umozni
lepSie sa sustredit’ na odborné zalezitosti.

Obsah vychédza z dlhoroénych skiisenosti autorky
s vyucovanim linedrneho programovania a pozna-
nia potrieb cviceni. Nevenujem sa tedrii, tu sa
Studenti dozvedia na prednaskach a tiez si ju mozu
nastudovat’ z mnozstva ucebnic, ktorych vyber
uvadzam na konci publikacie. Cielom bolo zefek-
tivnit’ priebeh cviceni a poskytnut’ studentom aj
d’alsi material na rozvijanie svojich zruc¢nosti.

Kazds kapitola m4& niekol’ko &asti. UVODNE
OTAZKY pripominaji studentom vedomosti po-
trebné pre pracu s danou témou, odpovede
na ne obycajne poskytuje prislusna prednaska.
ZAKLADNE ULOHY zodpovedaji tomu, ¢o sa spra-
vidla robi na cviceni. Je uzito¢né, ak maju Studenti
tieto texty so sebou, hlavne ak ide o rozsiahlejsie
zadania. Ulohy su tu usporiadané tak, aby kazd&
d’alsia osvetlovala novy aspekt preberanej témy.
Nasledujii OTAZKY NA ZAMYSLENIE — pomé&hajd
hlbsiemu pochopeniu a rozvoju tvorivého (mate-
matického) myslenia. DOPLNKOVE ULOHY posky-
tuji materidl na ziskanie rutiny v rieSeni tloh. Pre
niektoré tlohy sme dodali na zéver VYSLEDKY.

Na cviceniach pouzivame softvér CASSIM (Com-
puter ASsisted SImplex Method) vyvinuty na
nasSom pracovisku. Prvé kroky inicioval mo6j ucitel’
Peter Butkovi¢, o vyvoj d’alsich verzii programu
sa zasluzili Juraj Andréssi, Jozef Dzama, Pavol
Siroczki a inf. CASSIM odbremenuje Studenta
(aj vyucujuceho, napriklad pri priprave tloh na
pisomku) od zd{havého prepocitavania tabuliek a
umoznuje mu sustredit’ sa na spravny vyber pi-
vota, presved¢it’ sa o moznosti cyklenia v sim-
plexovej metéde a experimentovat’ s réznymi
anticyklickymi pravidlami, menit’ vstupné data
a Studovat’ rozne pristupy k postoptimalizacnej
analyze, riesit’ parametrické tlohy atd. CASSIM
vyuzivame aj v d’alsich predmetoch, vyuc¢ovanych
na UMAT PF UPJS, kde sa vyuzivaji postupy
simplexovej metédy, napriklad v predmetoch Kon-
vexnd optimalizacia a Tedria hier.

The idea of a bilingual problem collection came
from the book Horst W. Hamacher and Kathrin
Klamroth Lineare Netzwerk-Optimierung / Linear
and Network Optimization (2000) published by
Vieweg. I believe that using this form of a textbook
can help students acquire the specialist termino-
logy in the area as well as improve their general
language competencies. The text in their mother
tongue provides better opportunities for concen-
tration on scientific aspects of the field.

The contents is based on long-term experience of
the author with teaching linear programming and
her knowledge of what the teacher and students
need to effectively master the practice of the field.
The text is not devoted to theory — this is the
topic of lectures and students can also use many
available textbooks; their sample is given at the
end of this publication.

Each chapter consists of a few parts. WARM-UP
QUESTIONS recall the knowledge necessary for the
work with the topic; the answers are provided in
the respective lecture. CORE EXERCISES corres-
pond to what is usually done during tutorials, so I
recommend having the text at hand, especially if
the formulation of a task is longer. Here, the or-
der of exercises is chosen so as to gradually clarify
new aspects of the given topic. BRAIN TEASERS
alm at gaining deeper understanding and develo-
ping creative mathematical thinking. ADDITIONAL
PRACTICE provide material to acquire routine in
problem solving. For some problems in each chap-
ter we also provide RESULTS.

During tutorials we use our own software package
CASSIM (Computer ASsisted SImplex Method).
The first steps were initialized many years ago by
my teacher Peter Butkovi¢, the development of
further versions was enabled by Juraj Andrassi,
Jozef Dzama, Pavol Siroczki and others. Thanks
CASSIM, students (and also teachers, for exam-
ple when preparing test papers) get rid of tedious
recomputation of tables, and can instead concen-
trate on the choice of the pivot, discover cycling
and experiment with various anticycling methods,
modify the input data, study several approaches
to post-optimality analysis, solve parametric prob-
lems, etc. CASSIM is utilized in other courses gi-
ven by Institute of mathematics that use variants
of simplex method, like Convex programming or
Game theory.



K rieSeniu realnych tiloh s mnozstvom premennych
a ohraniceni je vSak spravidla potrebné pouzit’
softvér, ktory mneukazuje postupne vytvarané
tabulky, ale je zamerany hlavne na ziskanie
vysledku. Andrej Gajdo§ pripravil dva inte-
raktivne Jupyter notebooky obsahujice ilustracné
priklady na rieSenie tloh linedarneho i celo¢iselného
programovania v jazyku Python. Prvy inte-
raktivny dokument predstavuje pracu s balikmi
SciPy (vedecky Python - simplexovd metdda,
met6édy vnidtorného bodu; https://scipy.org/) a
GEKKO (strojové ucenie a optimalizacia pre dy-
namické systémy - celoc¢iselné linearne programo-
vanie; https://gekko.readthedocs.io/en/latest/).
Druhy Jupyter notebook ilustruje pracu s balikom
CVXPY (konvexnd optimalizdcia - met6dy
vnitorného  bodu;  https://www.cvxpy.org/).
Uvedené interaktivne subory je mozné sta-
ticky prehliadat priamo v github tlozisku
https://github.com/gajdosandrej/LCO alebo
je mozné ich otvorit a upravovat napr. vo
volne dostupnom prostredi Google Colab
(https://colab.research.google.com/).

Na zaver by som rada pod’akovala vsetkym, ktori
prispeli k vzniku tejto publikdcie. Na priprave
jej predoslej verzie sa v roku 2008 podielala
Vierka Borbel'ovd, ktora navrhla aj TeX sablénu,
pripomienkami prispeli Gabriel SemaniSin, An-
drej Gajdos a Adam Marton. Recenzenti pod-
robne precitali prvu verziu publikacie, odhalili via-
cero preklepov a prispeli zmysluplnymi navrhmi
- dakujem. A samozrejme, vd’aka patri vietkym
Studentom, ktori davaji nasej praci zmysel.

Chyby, ktoré sa v tejto publikacii vyskytuja, su
len moje. Budem vd’a¢na za vsetky upozornenia a
pripomienky.

Kosice, september/September 2024

If one wants to solve a real problem that usually
has a great number of variables and constraints,
then it is necesssary to use another sotware,
whose task is not to successively present the
constructed tables, but is aimed in the first place
at finding an optimal solution. Andrej Gajdos
prepared two interactive Jupyter notebooks
with illustrative examples for solving linear as
well as integer programs in Python. The first
interactive document presents the work with pac-
kages SciPy (scientific Python - simplex method,
interior point methods; https://scipy.org/) and
GEKKO (machine learning and optimization
for dynamic systems - integer linear program-
ming; https://gekko.readthedocs.io/en/latest/).
The second Jupyter notebook is devoted
to the work with package CVXPY (con-
vex optimization - interior point methods;
https://www.cvxpy.org/). These interactive files
can be statically browsed directly in the github
repository https://github.com/gajdosandrej/LCO
or it is possible to open and modify them for exam-
ple in the freely available environment Google
Colab (https://colab.research.google.com/).

Finally, T would like to thank all, who contribu-
ted to the birth of this teaching material. Vierka
Borbel'ova in 2008 helped with its first version and
also designed its TeX template, Gabriel Semanisin,
Andrej Gajdos and Adam Marton provided use-
ful remarks. The referees carefully read the first
version of the text, found several typos and made
meaningful suggestions - thank you! And of course,
great thanks goes to our students, who make our
work meaningful.

All errors in this publication are solely my res-
ponsibility. I am thankful for all comments and
suggestions.

Katarina Cechlarova
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1. UVOD DO LINEARNEHO PROGRAMOVANIA
INTRODUCTION TO LINEAR PROGRAMMING

UVODNE OTAZKY

A1 V ktorych bodoch pretina priamka s rovnicou
ax1 + bxry = ¢ siradnicové osi?

A2 Aky rovinny tutvar zodpovedd mnozZine rieSeni
linearnej nerovnice ary + brs < c?

A3 Ako nahradime jednu premenni x neohra-
niceni na znamienko dvoma nezdpornymi pre-
mennymi?

A4 Co to znamend, ze dve sistavy rovnic alebo
nerovnosti su ekvivalentné?

A5 Ak& sistava nerovnosti je ekvivalentnd s rov-
nicou axq + bxy = ¢?

ZAKLADNE ULOHY

B2 Firma ABC dodédva na trh vyrobok, ktory
montuje z troch dielcov A, B a C. Dielec A sa
vyraba na stroji typu Atas, dielec B na stroji
Batas a dielec C na stroji Catas. Firma mé
dve pobocky, kazdd ma k dispozicii jeden stroj
kazdého typu. Produktivita strojov (v dielcoch za
hodinu) je uvedend v tabulke. Takisto je znamy
tyzdnovy fond pracovného casu kazdej pobocky
(v hodinéch), ktory sa rozdeli na jednotlivé jej
stroje.

Firma ABC chce maximalizovat’ tyzdennu produk-
ciu svojich vyrobkov. Sformulujte (ale nerieste!)
tento problém ako tlohu linedrneho programova-
nia.

WARM-UP QUESTIONS

A1 Where does the line with equation axi+bxes=c
cross the coordinate axes?

A2 Draw the solution set of the linear inequality
ax1 + bz < ¢ in the plane.

A3 How can one replace a non-constrained va-
riable x by two nonnegative variables?

A4 Explain the phrase: ‘Two equation (inequality)
systems are equivalent.’

A5 Which pair of inequalities is equivalent to the
equality axq + bro = ¢?

CORE EXERCISES

B2 Company ABC supplies a product constructed
from three parts A, B and C. Part A is produced
on a machine of type Atas, part B on a machine
of type Batas and part C on a machine Catas.
The company has two branches and each has one
machine of each type at its disposal. The producti-
vities (in parts per hour) of the machines are given
in the table below. Moreover, each branch has its
own weekly work-time capacity (in hours) that can
be divided between the machines in the branch.
Company ABC wants to maximize its production
per one week. Formulate (but do not attempt to
solve!) the problem as a linear program.

prac. ¢as / work time | Atas | Batas | Catas

Pobocka 1/Branch 1 200

50 70 -

Pobocka 2/Branch 2 300

80 50 60

Bl Firma Lipo vyrdba Saldtové oméacky =z
majonézy, jogurtu, kyslej smotany a ko-
renin. Ponika dva druhy. Omécka Supra
obsahuje majonézu, jogurt a smotanu v po-
mere 1 : 2 2 a preddva sa v cene 5
€/liter. Omacka Extra obsahuje iba majonézu
a jogurt v pomere 2 : 1 a jej cena je 4 €/liter.
Momentédlne maji na sklade 10 litrov majonézy,
10 litrov jogurtu a 20 litrov smotany.

a) Kolko ktorej omacky md firma Lipo vyrobit,
ak chce maximalizovat’ svoju trzbu? Zostavte
tlohu LP a vyrieSte ju graficky.

B1 Company Lipo produces two kinds of salad
dressings from mayonnaise, yoghurt, cream and
herbs. Dressing Supra contains mayonnaise, yog-
hurt and cream in proportions 1 : 2 : 2 and its
price is 5€/liter. Dressing Extra contains only ma-
yonnaise and yoghurt in proportion 2 : 1 and its
price is 4€/liter. The company has currently 10
liters of mayonnaise, 10 liters of yoghurt and 20
liters of cream at its disposal.

a) How much of each dressing should Lipo pro-
duce so as to maximize its income? Formu-
late a linear program and solve it graphically.
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b) Ak je mozné preddvat’ aj nepouziti ma- b)
jonézu, jogurt a smotanu, v cendch 3; 1,5
resp. 2,5 €/liter, ak ulohu bude riesit’ firma
Lipo tentoraz? Opéat ndjdite rieSenie gra-
ficky.

If it is possible to sold unused mayonnaise,
yoghurt and cream for 3, 1.5 and 2.5 €/liter
respectively, which problem will company
Lipo solve now? Again, find a solution grap-
hically.

Rieste nasledujuce dlohy LP graficky. Solve the following LPs graphically.

B3
r1 + dxy — max

r1+ 22, < 4
—x1 + 229 <2
T+ 22 <3
T1,2o > 0

B4
3r1 + 4r9 — max

2ZE1+ 1’222
T, — 1'220
1'1—2$2§2

B5
r1 — X9 — IMin

3r1 + 4wy > 12
=221+ 292> 2

2x1 + dxy < 10
1 >0

Nasledujice tlohy LP prevedte do standardného Transform the following LPs into their standard
a kanonického tvaru. and canonical forms.

B6
3r1+ 4x9 — min

x|+ 2(132§6
41‘1— 5ZE228

1
9$1+§ZE2:7
.17120

B7

T + 29 — 93 — max

201 — 8xy + 223 =06

3r1 —4xy + 313 > 4

r1+ 5x9 + Txs > —4
To, T3 >0
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B8 Preved'te nasledujiici problém na tlohu LP
v Standardnom tvare.

B8 Transform the following problem into a stan-
dard form LP.

|z1| + |z2| + |23] — max

21| + |22

<1

1] + |23 =3

OTAZKY NA ZAMYSLENIE

C1 Zmeni sa pripustnd mnozina a optimélne
riesenie x°P* lohy LP, ak

a) zmenime v ohrani¢eniach neostrd nerovnost’
na ostra?

b) zmenime v ohranic¢eniach nerovnost’ na rov-
nicu?

¢) prendsobime tcelovi funkciu nenulovou kon-
Stantou?

d) pripocitame k tcelovej funkeii konstantu?

C2 V kolkych bodoch méze nadobudat’ icelova
funkcia optimum v tlohe LP?

C3 Zostavte ulohu LP, ktorda mé iné optimélne
rieSenie, ak su jej premenné ohrani¢ené na zna-
mienko a ak su neohranicené.

C4 Zostavte tlohu LP s dvoma premennymi, kto-
rej rieSenie sa nezmeni po vzajomnej vymene ko-
eficientov 1celovej funkcie.

C5 Aké podmienky mé spiiiat’ zadanie tlohy LP
s dvoma premennymi, aby mnozinou optimélnych
rieSeni bola tsecka?

C6 Ak (nutnd a/alebo postacujicu) podmienku
mé splitat’ nové ohranitenie aZx = b;, ak nech-
ceme, aby sa po jeho pridani do systému rovnic
Ax = b zmenila pripustnd mnozina?

C7 Mozu byt’ v praktickych ulohdch

a) ohrani¢enia v tvare rovnic?

b) premenné neohrani¢ené na znamienko?
Uvedte argumenty proti alebo ndjdite vhodné
priklady.

C8 Je mozné riesit’ graficky (v rovine) tdlohu LP,

ktorda ma viac nez 2 premenné?

C9 Rozhodnite, v ktorom z nasledujicich pripa-
dov zavisi cena vyrobku linedrne od jeho mnoz-
stva. Najdite vhodnud funkciu na vyjadrenie tejto
zéavislosti.

BRAIN TEASERS

C1 Wil the feasible set and the optimal solution
x°Pt of a LP change if

a) a weak inequality in constraints is replaced
by a strong inequality?

b) an inequality in constraints is replaced by an
equation?

¢) the objective function is multiplied by a non-
zero constant?

d) a nonzero constant is added to the objective
function?
C2 In how many points can the objective function
of a LP attain its optimum?

C3 Formulate a LP whose optimal solution chan-
ges when nonnegativity constraints of the variables
are dropped.

C4 Write a LP with two variables whose optimal
solution is unaffected when the objective function
coefficients are swapped.

C5 Under which conditions is the set of optimal
solutions of a LP with two variables a line seg-
ment?

C6 Suppose a new constraint al x = b; is added to
a system of equations Ax = b. What is a sufficient
and/or necessary condition for the solution set to
remain unchanged?

C7 Can a LP based on a real-life situation contain
a) equality constraints?
b) variables unrestricted in sign?

State arguments against or provide some exam-
ples.

C8 Can a LP with more than 2 variables be solved
graphically in the plane?

C9 Decide, in which of the following cases the price
of a product depends linearly on its quantity. Find

suitable functions to express the dependences desc-
ribed below.



K. Cechldrové: Linedrne programovanie v tlohdch/Linear programming via problem solving

a) Jeden vyrobok stoji 10 €, ale pri ndkupe 100
kusov a viac je zl'ava 5%, pri ndkupe 500 ku-
sov a viac je zlava 10%.

b) Jeden vyrobok stoji 100 €, ale kazdy desiaty
kus je zadarmo.

¢) Jeden vyrobok stoji 10 €, ale ak zdkaznik za-
plati ¢lensky prispevok vo vyske 300 €, moze
nakupovat vyrobky v cene 3 € za kus.

C10 Ukazte, ako nahradit’ n neohranicenych pre-
mennych n + 1 nezdpornymi premennymi.

DOPLNKOVE ULOHY

D1 Pekar Kolacik vyrdba z muky a tuku dva
druhy polotovarov: listkové cesto a dsporné cesto.
Poziadavky na suroviny a predajnd cena jedného
kilogramu st uvedené v tabulke.

a) One item costs 10 €, but there is 5% discount
when purchasing at least 100 items, and 10%
discount when purchasing at least 500 items.

b) One item costs 100 €, but each tenth item is
free.

¢) One item costs 10 €, but if the customer pays
a so-called membership fee 300 €, then she
can buy products for 3 € per piece.

C10 Show how to replace n unconstrained variab-
les by n 4+ 1 nonnegative variables.

ADDITIONAL PRACTICE

D1 Baker Cookie produces from flour and butter
two types of products: puff pastry and short-crust
pastry. Consumption of ingredients and price per
one kilogram are given in the table.

Muka/Flour (g) | Tuk/Butter (g) | Cena/Price (€/kg)
Listkové cesto/Puff pastry 500 400 5
Usporné cesto/Short-crust pastry 700 200 3.5

Okrem toho pekéar vyraba tri druhy buchiet, na
1 kg kazdého druhu sa spotrebuje 800 g listkového
cesta a 200 g néplne. Lekvarové buchty sa preda-
vaju po 0,4 € za 100 g, ¢okolddové po 0,7 € a
tvarohové po 0,5 €.

Sformulujte tdlohu na urcenie optiméalneho vy-
robného planu, ak méa pekar k dispozicii 10 kg
muky, 5 kg tuku, po 2 kg ¢okolddy a tvarohu
a lekvar kupuje po 1 € za kilogram. (Pozor na
jednotky !)

D2 Rafinéria Aztec vyraba dva druhy bezolov-
natého benzinu Regular a Premium, ktoré predava
vo firemnych ¢erpacich staniciach po $12 resp.
$14 za barel. Oba druhy sa vyrabaji zmieSavanim
domécich a dovozovych rafinovanych ropnych zme-
si a musia spiﬁat’ poziadavky, uvedené v prvej ta-
bulke. f]daje o dostupnych ropnych zmesiach ob-
sahuje druha tabulka.

Moreover, the baker produces three kinds of cakes.
For 1 kg of each cake, he needs 800 g of puff pastry
and 200 g of filling. Cakes with jam filling are sold
for 0.4 € per 100 g, those with chocolate filling
for 0.7 € and those with curd filling for 0.5 €.
The baker has 10 kg of flour, 5 kg of butter, 2 kg of
chocolate filling, 2 kg of curd in storage, and jam
can be bought for 1 € per kilogram. Formulate
a LP to determine an optimal production plan.
(Choose the measurement units consistently!)

D2 Refinery Aztec produces two types of unlea-
ded gasoline Regular and Premium that are sold
in company’s gasoline stations for $12 and $14 per
barrel respectively. Both types are produced by
mixing domestic and foreign refined oil mixtures
and have to satisfy requirements listed in the first
table. Information about available oil mixtures is
in the second table.

Minimalne oktanové ¢islo | Maximéalny dopyt | Miniméalna dodavka
(barel/der) (barel/derl)
Minimal octane rating Maximum demand Minimum supply
(barrel/day) (barrel/day)
Regular 88 10 000 5 000
Premium 93 2 000 500

Okténové ¢islo
Octane rating

Zasoba (barel/den)
Storage (barrel/day)

Cena ($/barel)
Price ($/barrel)

Doméce/Domestic 87

4 000

8

Dovozové/Foreign 98

6 000

15
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Aky pomer jednotlivych ropnych zmesi m4 firma
Aztec pouzit’ na vyrobu benzinu Regular a Pre-
mium, ak chce maximalizovat’ svoj denny zisk? Zo-
stavte tlohu LP!

D3 Pila m4 na sklade 100 ks hranolov dizky 5 m
a 50 ks hranolov dizky 6 m. Do predajne dodavaji
hranoly v dizkach 4,3 a 2 m. Ako m4 pila spraco-
vat’ svoje zasoby dreva, ak:

a) chce maximalizovat’ trzbu, ked’ vie, ze hra-
noly dlzok 4, 3 a 2 m sa predavaji po 16, 10
a4 €?

b) chce minimalizovat’ odpad?

c¢) predajina odoberd len komplety pozostiva-
jace z 1 hranola dfzky 4 m a po dvoch hra-
noloch dizok 3 a 2 m a pila chce maximali-
zovat’ pocet dodanych kompletov?

D4 Rumpel, Marka a Ciasik si kupili na Radvan-
skom jarmoku bicykel. Tesia sa mu, obzeraju ho,
ale domov je este cesta d’alekd, rovnych 30 kilo-
metrov, a na bicykli sa smie naraz viezt’ len je-
den! Este $t’astie, ze odkedy je Rumpel zbojnikom,
nikto sa v tomto kraji neodvazi kradnut’ a tak
bicykel je mozné nechat’ kdekolvek pri ceste bez
dozoru. Chvilu bude teda bicyklovat’ Rumpel
a ostatni pojdu peSo; potom Rumpel nechd bicy-
kel pri ceste a poberie sa peSo d’alej. Zatial' pride
k bicyklu Marka alebo Ciésik, jeden z nich nasadne
na bicykel a druhy pojde d’alej peso a tak dalej,
a tak d’alej az domov.

a) Ako si maji Rumpel, Marka a Cidsik zorga-
nizovat’ cestu, aby boli ¢o najskor doma? Pri
formulécii ulohy pouzite tabulku rychlosti.

b) Ak pripustite, ze niekto sa moze aj vracat),
dostanete inu ulohu. Co myslite, je mozné
takto ziskat’ lepsie riesenie ako v pripade a)?

What proportions of each oil mixture should re-
finery Aztec use for production of gasolines Regu-
lar and Premium if the aim is to maximize their
daily profit? Formulate as a LP.

D3 A saw-mill has 100 logs of length 5 m and 50
logs of length 6 m in storage. The saw-mill pro-
duces logs of lengths 4, 3 and 2 m. How should the
saw-mill cut its logs if:

a) they want to maximize the revenue? The
market prices of 4, 3 and 2 m logs are 16,
10 and 4 € respectively.

b) they want to minimize the waste?

¢) the customer requests only packages consis-
ting of 1 log of length 4 m, 2 logs of length 3
m and 2 logs of length 2 m. The aim now is to
maximize the number of supplied packages?

D4 Father, Mother and Son have bought a bicycle
on Scarborough Fair. They enjoy it, look at it, but
there is still a long way home, exactly 30 kilome-
ters. However, only one of them can ride the bike
at the same time! In this country, the bicycle can
be safely left unattended anywhere by the road-
side. Hence, Father rides for some time and the
two others walk, then Father leaves the bike by
the roadside and walks onward. Meanwhile, Mot-
her or Son reaches the bike, either mounts it while
the other continues walking so on, so on, till they
get home.

a) How should Father, Mother and Son orga-
nize their transportation home to get there
as fast as possible? Use the velocity table be-
low.

b) If riding in the opposite direction is allowed,
the problem will be different. Could this lead
to a better solution than in case a)?

rychlost'(km/hod)
velocity (km/h)

Rumpel’

Marka

Ciasik

peso na bicykli
by foot | by bike
10 40
6 12
4 28

10

T4to tloha bola publikovand v ¢ldnku/This problem was published in the paper : K. Cechldrové, On a problem
of optimal transport organisation, Teaching Math. Appl. 24(4) 179-181 (2005).

V nasledujucich ilohach LP graficky ndjdite mini-
mum aj maximum ucelovej funkcie.

In the following LPs, find graphically the minimum
as well as the maximum of the objective function.
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D5
r1 + 229 — min(max)

32L‘1+5£L’2§15
x1+3I2§6
xle

D6
221 — bry — min(max)

Ty + 225 =6
—3x1 + 49 > 12
T+ $228

D7
3z + 229 + 23 — min(max)

T1+ To+ x3=06
201 — o+ 323 <6
Ty + 209 — 23>0

x1-3 >0

D8
—x1 + 3x9 + 423 — x4 — min(max)

Ty 4 225 + 3r3s + x4 =10
200 — X9 — X3+ 224 =06
T1+ X9+ T3— 14> 3

Ti—4 >0

D9 Na mnozine rieSeni sistavy nerovnic D9 Consider the solution set of the given system.

T+ 229 < 4
201 — 19 <6
—x1+ 322 <3
3x1 + 229 <12

néjdite graficky vSetky pripustné riesenia, v kto- Find graphically all feasible solutions, where the
rych sa nadobtdaji extremélne hodnoty nasle- following functions attain their extreme values.
dujucich funkcii.

a) x1 + 22 b) x1 — x9 c) 2x1 + x2 d) —2z1 4+ x4

V nasledujicich cviceniach prevedte ulohy LP do Transform the following LPs into their standard
standardného a kanonického tvaru. and cannonical forms.

11
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D10
2x1 — 4x9 + 3r3 — max
T — To+4x3 <6
r1+ 2x9 — dx3 > 8
Ty + 3xy — 223 =6
x3 >0
Di1
T+ 22+ T3 + x4 — mMmax
T1—To+ T3 — Ty =3
—T1+To+ 23— 24 > 6
T1+ a9 —23+1x4 <4
234 20
D12
31 + 229 + 1023 — max
1+ g — 2326
12 >0
D13
6x1 — 225 4+ 923 + 300 — max
2x1 — 619 — D13 < 100
1+ 319 + 923 < 200
0< 2z <50
T9 > —60
T3 > D
D14 Povedzte, preco nie st nasledujice systémy D14 Why are the following constraint systems not
ohraniceni ekvivalentné. equivalent?
1 +22 <6 1 +x2+ 23 =0
xr1 —xo <10 xr1 — 2o +2x3 =10
T1,2 >0 T1_3 >0
Preved'te nasledujice problémy na ulohy LP Transform the following problems into standard
v Standardnom tvare. form LPs.
D15
r1 + 229 + 4r3 — max
|41 + 3xe — Txg| < o1 + 22 + 23
11320
D16

min{x; + 229 ;629 + 1223} — max
—x1 — 3xg + 23x3 > max{ 7z, + 2x9,5x1 + x5 + X3}
x1-3 >0

12
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VYSLEDKY / SOLUTIONS

B1 z;; - pocet hodin prace v pobocke ¢ na stroji j/number of working hours in branch ¢ for machine j
(i=1,2,7=A4A,B,C)

Z — max

1A+ 1B < 200

Toa + Top + 220 < 300
50x14 +80x24 > 2
70x1p +50x9p > =z
601’20 Z z

z; > 0 ¢=12 j=AB,C

z > 0

B2 1,25 - mnozstvo/ quantity of Supra and Extra in liters

a) b)
b5x1 + 4z — max S5x1 + 4xe + 3(10 — %xl — %IQ)—F
+1.5(10 — 221 — $22) +2.5(20 — 2z1) — max
iz 2z, < 10 tog+2a, <10
2oy 442 <10 Zrp 442y <10
214 < 20 2y <20
1,22 = 0 z1,m2 > 0
xPt = (25,0)7, foPt =125 XOPt = (25,0)7, foP* = 165

B3 x°Pt = (1,3)7

B4 The LP is unbounded.

B5 The LP is infeasible.

B8 x=at+a,27>0,2= >0, |z| =2 + 2~

D2 z;; - quantity of mixture ¢ used for gasoline j in barrels,
i € {Domestic, Foreign}, j € {Regular, Premium}. Octane rating is guaranteed by constraints:
87xpr +98xzp > 88(JCDR + l'ZR)
87xpp +98xzp > 93(1’1)13 + Q:ZP)

D3 z; - number of logs cut by plan No. 7.

Rezny plan/Cutting plan
Dlzka hranola/Length of log (m)
number of 4m logs
number of 3m logs
number of 2m logs
waste (m)

O~ = OoOloN
=N O OOt W
il i) Nep ) ey

S W oo

O O N OO Ot

O = O O

O O | Ot =

Constraints are the same for a), b), ¢):
1 +x2+x3 < 100

Tyt x5 +x6+27 < 50
z, > 0 for all ¢
x; — integer for all 4

a) 16(x1 + z4) + 10(xo + 225 + x6) + 4(x2 + 223 + 24 + 6 + 327) — max
b) x1 + 3 + ¢ — min
C) min{xl + 24, I2+2£2705+935’ $2+2w3+$24+906+3w7} —y max
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D5
D6
D7
D8
D9

D15
D16

xmax = (L 3T unbounded below.

Infeasible.

xmax — (4:7 27 O)T, fmax — 16;Xmin — (07 37 3)T’ fmin =9

Infeasible.

T unbounded below,

below and above)

c) a™™ = (15, 2), unbounded below,
a

o
N—
G
=
o
Q
<
=
o
o ot
Q.

Pomoécka / Hint: —x1 — x9 — 23 < 4wy + 3zo — 7o < 21 + 22 + 23

bove, x™" € {(xy,25)T : 5 =221 — 6, 27 € (—00

) 1576>}

Této tloha LP je vo vSeobecnom tvare! / The following LP is in its general form!

z — max
z < x14 229
z < 6x0+ 1223
—x1 —3x2+23x3 > Tz + 229
—x1 —3x2 +23x3 > Sx1+ T2+ T3
13 = 0

14
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2. KONVEXNE MNOZINY
CONVEX SETS

UVODNE OTAZKY

A1 Definujte konvexnii mnozinu.

A2 Definujte krajny bod konvexnej mnoziny.
A3 Ako je definovany konvexny obal mnoziny?
A4 Co je to baza vektorového priestoru?

A5 Ako najdeme siradnice vektora x v béaze

B=1{A1,...,An}?

A6 Aké podmienky musia spiﬁat’ rozmery matice
A € Ry, n, aby v nej existovala baza?

A7 Kedy ma ststava linedrnych rovnic s maticou
A jediné riesenie?

A8 Za akych podmienok je mozné rozsirit’ systém
vektorov Ap, As,..., A € R,, na bédzu vekto-
rového priestoru R,,,?

ZAKLADNE ULOHY

V nasledujucich ilohach rozhodnite, pre aké hod-
noty parametra A je mnozina rieSeni sistavy ne-
rovnic konvexna a najdite konvexny obal v nekon-
vexnych pripadoch. Pre ziskané konvexné mnoziny
popiste vsetky krajné body.

WARM-UP QUESTIONS

A1 Define a convex set.

A2 Define an extreme point of a convex set.
A3 Define the convex hull of a set.

A4 Define a basis of a vector space.

A5 How can one find the coordinates of a vector
x in the basis B={Aq,..., A, }?

A6 If a matrix A € R, ;, is to have a basis, which
conditions must its dimensions fulfill?

A7 Under which conditions does a linear equation
system with a matrix A admit a unique solution?

A8 Under which conditions is it possible to extend
a system of vectors Ay, Ag, ..., Ax € R,, to a basis
of space R,,?

CORE EXERCISES

In the following problems, for which values of pa-
rameter A is the corresponding solution set of the
inequality system convex? Find the convex hull in
case of nonconvexity. For the obtained convex sets,
determine all their extreme points.

B1
T+ X9 §6
Na? + a5 > 16
x1, 29 2 0
B2 ) )
] +x5<9

(1'1—2)2+1’§Z)\

B3 Graficky zostrojte konvexny obal mnoziny bo-
dov M a néjdite jeho krajné body.

B3 Find graphically the convex hull of the set M
and its extreme points.

M= {0,007, (1,)", (=1,), (=2,2)7, (1,497, (0,3)T, (-1,-1D7T, (2,5)7, (-1,2)"}.

Body (0,0)7 a (=1,1)T vyjadrite ako konvexné
kombinécie krajnych bodov.

Express points (0,0)” and (—1,1)7 as convex com-
binations of the extreme points.

15
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Su dané vektory

1
w=|11], u=
0
1 2 -1
v = 2], w| 1], t= 1
3 1 2

B4 Vyjadrite vektor v ako linedrnu kombinéciu
vektorov uy,us,us. Je vektor v ich konvexnou
kombinaciou?

B5 Vyjadrite ako linearnu kombinaciu vektorov
uy, ug, uz vektory w, t,x,y. Viete to urobit’ jedi-
nym vypoctom?

B6 Povazujte teraz za bazu nasledovné trojice vek-
torov a vyjadrite ostatné vektory ako ich linedrnu

kombinaciu.
a)u17u27y b)u17u27w

B7 K danej matici B n4jdite maticu B~! a vy-
pocitajte B~'x, B~'y, B~'v, B~!'w. Viete to uro-
bit’ jedinym vypoctom?

B=10

—_

B8 Je dand tloha linedrneho programovania:

— =

Given are vectors

0
, U3 = 1 s
0
0 -1
X = -1 1], y= -1
—1 1

B4 Express vector v as a linear combination of
vectors uy, us, usz. Is vector v their convex combi-
nation?

B5 Expres vectors w, t, X, y as linear combinations
of vectors uy,us,u3. What is the most efficient
way of doing this?

B6 Consider now bases consisting of the following
triples of vectors and express the remaining vectors
as their linear combinations.

c)uy,x,t d)x,y,t

B7 For the given matrix B find matrix B~! and
compute B~'x, B~'y, B~'v, B~'w. Again, what
is the most efficient way of doing this?

0
1
1

B8 Consider the following linear program

3x1 —4xo + 3 — x4 + 5 — Tg — Min

T + x4+ x5+ 26 =2
T2 + x4 + 5 =1
T3+ x4 —26=3

z1-6 >0

a) N4jdite vSetky jej bdzické riesenia. O kaz-
dom z nich rozhodnite, ¢i je pripustné alebo
nepripustné a vypocitajte v iom hodnotu
ucelovej funkcie.

b) V danej matici ohrani¢eni moze byt najviac
(g) = 20 bz, ale niektoré trojice stipcov st
linedrne zdvislé, napr. (Ay, As, As). Navrh-
nite preto prehladny sposob prechadzania od
jednej bazy k druhej, aby sa na ziadnu neza-
budlo, a pritom aby sa zbyto¢ne neskumali
linearne zavislé trojice stfpcov.

Find all its basic solutions. For each one of
them decide whether it is feasible or not and
compute the corresponding value of the ob-
jective function.

~—

a

b) In the given constraint matrix the maximum
possible number of bases is (g) = 20, but
some triples of columns are linearly depen-
dent, e. g. (A1, A, As). Suggest some easy-
to-follow method to move from one basis to
another one, so that none is omitted and mo-
reover, no time is wasted on linearly depen-

dent triples of columns.

16
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OTAZKY NA ZAMYSLENIE

C1 Rozhodnite, ¢i je pravdivé nasledovné tvrde-
nie: Mnozina je konvexnd prave vtedy, ked’ s kaz-
dymi dvoma svojimi bodmi obsahuje aj stred
usecky, ktorej su koncovymi bodmi.

C2 Ni4jdite priklad konvexnej mmoziny, ktorej
vietky hrani¢né body su krajné. Méze byt takato
mnozina neohrani¢end?

C3 Dokézte alebo vyvratte nasledujice tvrdenie:
Ak A, B st dve neprézdne konvexné mnoziny také,
7e AU B je konvexnd, tak AN B # 0.

C4 Moze existovat’ degenerované bazické riesenie
zodpovedajuce jedinej baze? Svoje tvrdenie odo-
vodnite.

C5 Dokazte alebo vyvratte: Ak je kazdé bézické
pripustné rieSenie tlohy LP nedegenerované, tak
tato uloha ma jediné optimalne riesenie.

C6 Dokazte alebo vyvratte: Ak mé uloha LP je-
diné bazické pripustné riesenie, tak toto je jej je-
dinym optimalnym rieSenim.

C7 Da sa kazdé optimédlne rieSenie ulohy
LP vyjadrit’ v tvare konvexnej kombindcie jej
optimalnych bazickych pripustnych rieseni? Plati
predoslé tvrdenie v pripade, ze

a) uloha m4 aspon dve bézické pripustné rie-
Senia,

b) pripustnd mnozina je ohrani¢end?

C8 Rozhodnite o pravdivosti nasledujiceho tvr-
denia: Ak mé stustava ohrani¢eni Ax = b,x > 0
rieSenie, tak existuje taky vektor c, ze tuloha LP
c’x — max za podmienok Ax = b,x > 0 mé

optimalne rieSenie.

DOPLNKOVE ULOHY

V nasledujucich ulohach rozhodnite, ¢i je mnozina
rieSeni sistavy rovnic resp. nerovnic konvexnd. Ak
nie, néjdite jej konvexny obal a vyjadrite ho ako
mnozinu rieSen{ nejakej sustavy rovnic a/alebo ne-
rovnic. Popiste mnoziny krajnych bodov tychto
mnozin, resp. ich konvexnych obalov.

D1

BRAIN TEASERS

C1 ‘A set is convex if and and only if it contains
the center of the line segment between each pair
of its points.’ Is this statement true?

C2 Find an example of a convex set where each
boundary point is also an extreme point. Can such
a set be unbounded?

C3 Prove or disprove the following statement: If
A, B are two nonempty convex sets such that AUB
is a convex set, then AN B # (.

C4 Can a degenerate basic solution correspond
to a unique basis? Give arguments for your sta-
tement.

C5 Prove or disprove: If each basic solution of a
LP is nondegenerated then this LP has a unique
optimal solution.

C6 Prove or disprove: If a LP has a unique basic
feasible solution then this basic solution is its only
optimal solution.

C7 Can each optimal solution of a LP be expressed
as a convex conbination of optimal basic feasible
solutions? Is the former statement true if

a) the problem has at least two basic feasible
solutions,

b) the feasible set is bounded?

C8 ‘If constraints system Ax = b,x > 0 admits
a solution, then there is a vector c¢ such that LP
cI'x — max subject to Ax = b,x > 0 has an

optimal solution.” Is this statement true?

ADDITIONAL PRACTICE

In the following problems decide whether the solu-
tion set of equation or inequality system is convex.
If not, find its convex hull and express the convex
hull as a solution set of some equation and/or ine-
quality system. Find the sets of extreme points for
these sets or their convex hulls, respectively.

—e" 4+ 129> 0
—‘l’ll + X2 > 0

17
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D2
—e" 4+ 129 <0
—|z1| + 22 <0
D3
Ty + |2a] > 2
To — X1 < 1
D4 ) )
] +ay;=1
T4 >1
r] +4x; >
D5
T t+wy <1
T, — x5 <1
D6 )
2£B1 + IB2 S 6
D7 Sformulujte vhodné podmienky pre redlne D7 Formulate conditions for real numbers a and b
¢isla a a b, aby tloha LP so that the following LP
3x1 + 52 — max
ary +bry <7
T1—22>0
a) mala jediné optimdlne riesenie; a) has a unique optimal solution;
b) mala nekoneéne vel'a optimélnych rieseni; b) has infinitely many optimal solutions;
¢) bola nepripustng; ¢) is infeasible;
d) bola pripustnd, ale nemala optimélne rie- d) is feasible but has no optimal solution.
Senie.
V nasledujicich tilohach LP néjdite vSetky béazické Find all basic solutions for the following LPs. De-
rieenia. Rozhodnite, ktoré su pripustné a ktoré cide which of them are feasible and which are de-
degenerované a v kazdom z nich vypocitajte hod- generate and compute the corresponding values of
notu ucelovej funkcie. the objective function.
D8
2r1 — 319 + 23 — min
21’1 + 256'2 + x4 = 4
To + Xy — Ty = 6
214 >0
D9

—2r1 — 319 + x3 + 214 — min
—2r7 — 929+ 23+ 924, =0
T1+ 2209 —x3 — 224 = 4
Ti—4 >0

18
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D10 '
Ty + 4x9 + 523 4+ 224 — 625 — min
$1—21‘2+2I3—2{L’4—|—2{L‘5 =6
T1+ 2209 — 223 — 204 — 225 = 8
221 4+ 219 + 223 + 224 + 225 = 4
T1_5 >0
D11
T+ x93 + T3+ T4 — x5 + Tg — min
$1+$2—$3—$4—$5+l’6:8
ZE1+I2+ZE3+$4—CE5—ZL‘6 = —2
ZTi—¢ > 0
VYSLEDKY / SOLUTIONS
B1 Konvexna pre / convex for A = 0, nie konvexnd inak / nonconvex otherwise.
B2 Konvexna pre / convex for A < 0 and A = 25, nekonvexnd pre / nonconvex for A € (0, 25), prazdna pre /
empty for A > 25
B3 ex(conv(M)) = {(-2,2)T, (-1,-1)T, (1,1)T,(2,5)T}
(0,0)" = 5( L-1)"+ 311"
(-1, )7 = 3(=2,2)T + 1(-1,-1)T + 1(1,1)T (viac moznosti / several possibilities)
B4 v = —2u; + 3uy + 4ug; nie je to konvexnd kombindcia / it is not a convex combination
B5 w=u; +uy; t=-3u; +2us; +4usg; x=u; —uy —2u3; y = —2u; + us + ug
Vsetky vysledky mozno ziskat jedinym vypoctom / All the results can be obtained within one computation.
B6 a) v=06u; —us+4y; w=u; +ug; t=5u; —2us +4y;x=-3u1 +u2 —2y; u3=2u; —uzs +y
b) uy,us, w si linedrne zavislé / are linearly dependent
¢) uy, X, t su linedrne zavislé / are linearly dependent
d)u; =-3x—t; up=-8x+2y—3t; us =2x—y+t; vv=—-10x+2y — 3t; w=—11lx+ 2y — 4t
0 -1 1
B7 B! = 1 1 -1
-1 0 1
C4 Ano / Yes C5 Nie / No C6 Nie / No
C7 Nie / No, a) Nie / No b) Ano / Yes C8 Ano / Yes
D1 Konvexnd / Convex D2 conv(M) = Ry
D3 conv(M) = {(z1,22)" : 20 — 21 < 1} D4 conv(M) = {(x1,22)7 : 22 + 22 < 1}
D5 conv(M) = {(z1,22)" : 21 + 29 < 1} D6 conv(M) = {(z1,22)T : 221 + 22 < 6}
D7 Napriklad / E.g.: a)a=b=1, b)a=3,b=5, c¢) vzdy pripustnd / always feasible, d) a=0
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3. SIMPLEXOVA

METODA

THE SIMPLEX METHOD

UVODNE OTAZKY

A1 Aké podmienky musi spiﬁat’ prvok simplexovej
tabulky, aby mohol byt’ pivotom?

A2 Ako zistime,
optiméalna?

ze simplexova tabulka je

A3 Ako zistime, ze tloha LP je neohrani¢ena?

A4 Ako zistime, ze uloha LP je nepri pustna?

ZAKLADNE ULOHY

Ulohy LP rieste simplexovou metédou.

WARM-UP QUESTIONS

A1 Describe how to choose a pivot in a simplex
tableau.

A2 What is the optimality criterion for a simplex
table?

A3 How will one learn that a LP is unbounded?

A4 How will one learn that a LP is infeasible?

CORE EXERCISES

Solve the following LPs by simplex method.

B1
3x17 — Sx9 — min
—Tr1 — i) S 6
ry + 2332 S 14
T2 > 0
B2
2x1 — 319 + 3 — 1min
T + ) + —|—£L’4 = 4
To + T3 — Ty4 = 6
X142 0

Nasledujice tulohy LP rieste dvojfazovou simple-
xovou metddou (s pomocnou tlohou).

Solve the following LPs by the 2-phase simplex

method (with auxiliary variables).

B3
—3x1 + 229 + T3 — min
T1+ x9+23=06
T1+ 205 —x3 =3
r1-3 >0
B4
T — T+ 3x3 — 24 — min
T+ o + T4 = 1
To+ T3 — X4 = 2
T1+ 215+ T3 = 2
T1_g4 = 0

B5 Je dana takdto simplexova tabulka

B5 Consider the following simplex tableau
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B T

1 Ty T3 T4 Tz Tg X7

6 0 -3 0 0 2 0 0
| 0] 1 1 0 0 1 0 1
|4 0 -1 0 2 2 1 1
z3 | 1 0 0 1 1 -1 0 1

a) Je bazické pripustné riesenie prislichajice
k tejto tabulke optimélne?

b) Néjdite vsetky optimdlne rieSenia pre tito
dlohu.

OTAZKY NA ZAMYSLENIE

C1 Ukazte, ze podmienka 76, = 0 pre kazdého
mozného pivota v simplexovej tabulke”’nie je
postacujicou pre optimalitu zodpovedajiceho
bézického pripustného riesenia.

C2 Moze sa v priebehu vypoctu nezédporna re-
lativna cena stfpca zmenit’ na zapornu? Moze
takato zmena nastat’ v priebehu vypoctu viackrat?

C3 Je mozné, aby sa hned’ v nasledujicom pivoto-
vani vratil do bazy vektor, ktory ju prave opustil?
Zdovodnite!

C4 Dokazte, ze ak je povodna uloha LP pripustna,
tak v optimdlnej simplexovej tabulke pomocnej
tlohy st relativne ceny pre pomocné premenné,
ktoré nie si v optiméalnej baze, rovné 1, a nulové
pre vsetky ostatné premenné.

a) Is the basic feasible solution corresponding
to this simplex tableau optimal?

b) Find all optimal solutions for this problem.

BRAIN TEASERS

C1 Show that condition ’0, = 0 for each possible
pivot in a simplex tableau’ is not sufficient for opti-
mality of the corresponding basic feasible solution.

C2 Is it possible for a relative cost of a column to
change from positive to negative in the course of
simplex computations? Can such a change occur
during the computations more than once?

C3 Consider a variable that has just been removed
from the basis. Can it return to the basis in the im-
mediately following pivot operation? Support your
statement by a suitable argument.

C4 Suppose that the original LP is feasible and
consider the optimal simplex tableau of phase 1.
Prove that the relative prices of auxiliary variables
that are not in the optimal basis are equal to 1 and
the relative prices of all other variables are equal
to 0.

DOPLNKOVE ULOHY / ADDITIONAL PRACTICE

Nasledujtce tlohy rieste simplexovou metodou; ak
treba, pouzite pomocnu tlohu.

D1

Solve the following LPs by the simplex method; if
necessary, use auxiliary variables.

521 + 4z + 3r3 — max
201+ 3z + 23 <5
dr1 + x99+ 223 <11
3x1 + 4xy + 223 < 8
ZT1-3 >0

D2

T1+To+ T3+ T4+ Tz — mMax
1+ 29 +4x3 + 4wy + 325 = 3
131—1‘2—2133+21’4+51’5:1

1520
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D3
—3x1 + 29+ 3x3— x4 — min

T1+2x9— 23+ x4=0
201 — 229 4+ 323+ 324 =9
Ty — To+283— x4=06
21420
D4
41 + dxe + 3 — max
3x1 + 229 <10
T + 4, <11
3r1+ 310+ 23 < 13
r1-32>0
D5
r1+ X9 — max
T+ 2924
T, — T9 <8
—x1 4+ 229 < 8
Ti—2 >0
D6
r1 + 229 — min
T1+ 19 =3
T — T9=4
D7
—2x1 — 319 — 373 — min
3x1 + 229 + x4 =60
—T1+ x5+ 4xs + x5 =10
2x1 — 2x9 + dx3 + zg = 50
T1—¢ = 0
D8
219 + x3 — max
T1+ 19— 223 <7
—3x14+ X9+ 223 <3
11320
D9
2x1 + 4xy — 43 4+ Try — min
8r1 —2x9+ 13— x4 <50
3x1 + dxo + 2x4 < 150
T1 — To + 223 — 4y < 100
Ti—4 >0
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D10
925 4+ 215 — x5 — max

T, — 3% — 4z, + 2x¢ = 60
214 — x4 — x5+ 4rg = —20
To + T3 + 3z = 10
z1-6 =0
D11
2r1 — 312+ x3+ T4 — min
T1— 209 — 3x3 — 224 = 3
Ty — To+2x3+ x4 =11
Ti—4 >0

D12
Tr1+ X2 — T4 — min

dx1 + 29+ 23+ 414 =8
Ty — 3x9 + 13 + 224 = 16
T1—4 >0
D13
T — 3r3 — min
1+ 209 — 23 <6
1 — To+ 313 =3
x1-3 >0
D14 '
1+ T2+ X3 — min
—xr1+ 22+ 23<1
—I1 + 223 > 4
T1— To+2x3=4
r1-3>0
D15
1 + 229 + 323 + 44 — max
T + x3—4x, =2
To— T3 +3x4=29
1+ X9 — 223 — 31y =21
21420
D16
r1 + 4xy + 323+ 224 — min
1+ 229 + x4 =20
201 + w9+ T3 =10
—x1 + 4x9 — 223 + 324 = 40
Ti—4 >0
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VYSLEDKY / SOLUTIONS

B2 x°Pt = (0,4,2,0)T

B3 xP' = (5,0, 3)T

b) tisecka medzi / segment between x! = (0,0,1,0,0,4,0)",x% = (0,0,0,1,0,2,0)T

B1 x°P' = (0,7)T
B4 Nepripustnd / Infeasible.
B5 a) Ano / Yes
B|0O|l0O O 0 -2 1
z1 |01 0 O 1 -1
Cl xz2 |10 1 0 -1 1
z3 |20 0 1 -1 2
D1 x°P* = (2,0,1)T
D4 x°Pt = (2,28 THT
D7 x°Pt = (8, 18,0,0,0,70)7
D10 x°P* = (250, 10,0, 40,0,0)T
D13 x°" = (0, 2, 2)7
"5 5
D16 x°P* = (5,0,0,15)7

C2 Ano / Yes. Ano / Yes.

D2 x°P* = (2,1,0,0,0)7
D5 x°Pt = (24,16)7

D8 Neohrani¢end / Unbounded.

D11 x°P* = (19,8,0,0)7
D14 Nepripustng / Infeasible

C3 No.

D3 x°P' = (1,1,3,0)
D6 x°Pt = (I, -4)T

D9 x°P = (0,0,50,0)”

D12 Nepripustng / Infeasible
D15 Nepripustnd / Infeasible
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4. ZACYKLENIE V SIMPLEXOVEJ METODE
CYCLING IN THE SIMPLEX METHOD

UVODNE OTAZKY

A1 Kedy je vektor x lexikograficky mensi ako vek-
tor y?

A2 Ktory vektor bude lexikografické minimum
mnoziny?

A3 Kedy je uloha LP degenerovana?
ZAKLADNE ULOHY

Vyrieste nasledujice ilohy simplexovou metédou s
vyuzitim lexikografického anticyklického pravidla.

B1
—3x; — 4z + 225
r1 — T9 — I3
T1+ To+ T3
T+ 229 + X3
T1-3
B2

WARM-UP QUESTIONS

A1 When is a vector x lexicographically smaller
than a vector y?

A2 Which vector is a lexicographic minimum of a
set?

A3 When is a LP degenerate?

CORE EXERCISES

Solve the following LPs by simplex method using
the lexicographic anticycling rule.

— min
<1
<1
<2
>0

T + 229 + 3r3 — max
$1+23§'2+ .CC3§O

+ 23<0

T+ T+ $3§1
r1-3 >0

Ukazte, ze simplexova metdda sa zacykli pre tlohy
B3 a B4, ak pivota vyberame tak, ze do bazy vstu-
puje stlpec s a z bazy vystupuje riadok r taky, ze

cs — zs = minfc; —

. . T50 .
r=min\ ?; — = min
Tis

Nasledne vyrieste tieto 1ilohy pomocou Blandovho
anticyklického pravidla.

Tk0
Tks

Show that Simplex Method cycles for problems B3
and B4 if the rules for choosing column s to enter
the basis and row r to leave the basis are

Zj,]EN}

s VEk © xps >0}}.

Subsequently, solve these LPs using the the
Bland’s anticyclic rule.
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B3
—2x1 — 319 + T3 + 1224 — min
—21‘1 — 9$2 + x3+ 91’4 S 0
§$1+ Ty = 33— 204 <0
T1—4 >0
B4

20&71 — 53272 — 41I‘3 + 204234 — min
2%1 — 11[L’2 — 51’3 + 181‘4 S 0

- + 41’2 -+ 21‘3 —
—21‘1 + 111’2 + 5ZE3 -

OTAZKY NA ZAMYSLENIE

C1 Mobze pri vybere pivota jednoduchym po-
dielovym kritériom nastat’ situacia, ze vyber pi-
vota je mnejednoznaény, hoci aktudlne bazické
pripustné rieSenie je nedegenerované?

C2 Ukéazte, ze simplexovd metéda sa nemoze
zacyklit’, ak je v kazdom béazickom pripustnom
rieSeni najviac jedna bazicka zlozka nulova.

DOPLNKOVE ULOHY

Nasledujtice tlohy LP vyrieste simplexovou me-
tédou s pouzitim lexikografického anticyklického
pravidla.

8.%'4 S 0
18z, <1
T1—4 >0

BRAIN TEASERS

C2 When using the simple ratio test to choose
a pivot, can the pivot determination be indefinite
although the current basic feasible solution is non-
degenerated?

C1 Show that the simplex method cannot cycle
if at most one basic variable is equal zero in each
basic feasible solution.

ADDITIONAL PRACTICE

Solve the following LPs by simplex method using
the lexicographic anticyclic rule.

—2x1 + 4$2 — 6x3 + 4 — min

x3—x4§1

T4 20

D1
T1+ To—
T1+ To+ x3—x4 <1
I1—25(]2—|— ZL‘3+JZ4§1
D2

—3x1 + bxy — 223 + 4 — min

l’1+ To —

ZE3—1’4§2

Ty + o+ $3-.’L‘4§1
x1 — 229+ x3+14 <1

T1-4 >0
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D3
—3x1 — Xy — 223 + T4 — min
201 + 19— 13— 14 <2
T1 29+ 2203 —1x4 <1
T, + a9+ 203 +x24 <1
T1-4 >0
D4
dxy + 329 + 83 + dx4 + 625 — min
201+ To 4+ x3— T4+ 225 <2
3r; + 4+ 3x3+ 324+ 325 < 3
dxy + 219 + 8x3 + 4y — x5 < 4
x5 >0
VYSLEDKY / SOLUTIONS
B1 x°Pt = (0,1,0)7 B2 x°Pt = (0,0,0)7
B3 Neohrani¢end / Unbounded B4 x°P' = (2,0,1,0)T
D1 x°P' = (0,0,1,0)T D2 x°P* = (1,0,0,0)”
D3 x°P* = (1,0,0,0)" D4 x°P* = (0, 2,0, 33, )7



K. Cechldrové: Linedrne programovanie v tlohdch/Linear programming via problem solving

5. DUALITA V LINEARNOM PROGRAMOVANT{
DUALITY IN LINEAR PROGRAMMING

UVODNE OTAZKY
A1 Napiste primarno—duélnu dvojicu uloh LP, ak
primérna tloha je v standardnom tvare.

A2 Napiste podmienky komplementarity pre sy-
metricku dvojicu uloh LP.

A3 7 ktorych stfpcov optimalnej priméarnej sim-

plexovej tabulky sa da precitat’ optimélne rieSenie
dudlu?

ZAKLADNE ULOHY

K nasledujicim tloham LP najdite ich dudly:

B1

WARM-UP QUESTIONS
A1 Write a primal-dual pair of LPs with the pri-
mal LP in the standard form.

A2 Write the complementarity conditions for a
symmetric primal-dual pair of LPs.

A3 Take the optimal simplex tableau of a primal

LP. Where can you find the optimal solution of the
dual?

CORE EXERCISES

Find the duals for the following LPs.

r1 + 3x9 — 23 — min
21’1 — 5%2 —|—3ZE3 Z 6
—x1 + 629 + 423 > 8

B2

x1-3 >0

2x1 — x9 +4x3 — max
Ty 4+ 3x3 — 2253 >0
201 + 229 + 423 <6
T1— XT9— T3=2~8

B3 Nasledujicu tlohu LP vyrieste simplexovou
metdédou a z optimalnej tabulky precitajte hned’ aj
rieSenie dudlu. Skontrolujte spravnost’ vysledku!

:z:120

B3 Solve the following LP by the simplex met-
hod. Read the optimal solution of its dual from
the optimal tableau. Verify the correctness of the
result.

) + 2x4 — min

$1+ZE2

+3[L’4:3

To + T3 + $4:4

B4 K danej tilohe LP (P) ndjdite jej dudl (D) a k
nemu opit’ dudl (DD). Ukdzte, ze (P) a (DD) su
ekvivalentné.

T1—4 >0

B4 For the given primal (P) find its dual (D) and
for (D) its dual (DD). Show that (P) and (DD) are

equivalent.

2£81 — X2 +3x3 + 51’4 — min
T1+ 220+ a3+ w4 2>1
31+ 2x9 — x3—2x4 <6

r1-22>0
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B5 Je dana uloha LP a jej pripustné rieSenie x.
Ako jednoducho bez rieSenia tlohy zistite, ze x nie
je optimalne?

B5 A linear program (P) and its feasible solution
x are given. How can one verify without solving
(P) that x is not optimal?

T, + 29 + 3 — min

1+ T2+ 4x3>6

201 — a9+ x3>1
x1-32>20

a) x = (4,1,1)T

B6 Overte, ze vektor x = (1,0,1)7 je optimalnym
rieSenim nasledujicej tlohy a najdite riesenie jej
dudlu.

b) x = (1,1,1)7

B6 Verify that vector x = (1,0,1)7 is an optimal
solution of the following LP. Then find the solution
of its dual.

T — To + 2xr3 — max

1 — T2+ 223 <3

T, t+ro+ x3<2
z1-32>0

B6 Nasledujicu dlohu (P) vyrieste tak, ze zostro-
jite jej dudl (D), ten vyriesite graficky a pomocou
vety o komplementarite najdete z rieSenia tlohy
(D) riesenie zadanej primarnej dlohy (P).

B6 For the following LP (P) first formulate its dual
(D), then solve (D) graphically and then using the
complementarity conditions, find a solution of the
original problem (P).

2x1 + x9 + 1223 — min

T — 22+ 3x3>1

1 +x2+ 8x3>0
x1-32>0

B7 Zostrojte dvojice primdrno-duélnych tloh (sta-
¢ia dve premenné a dve ohraniCenia) tak, ze:
a) obe ulohy majui optimdlne riesenie,

b) jedna tloha je neohrani¢end a druhd nepri-
pustna,

¢) obe tlohy st nepripustné.

OTAZKY NA ZAMYSLENIE

V nasledujicich problémoch predpokladajte, ze je
dané tloha LP v standardnom tvare.

C1 Je pravda, ze ak méa tloha LP optimélne
rieSenie, ale neméd ziadne degenerované optimadlne
rieSenie, tak jej dudl mé jediné optimalne riesenie?
C2 Je pravda, ze ak tloha LP mé degenero-
vané optimalne rieSenie, tak jej duadl ma vzdy viac
optimalnych rieseni?

B7 Create a primal-dual pairs of LPs (two variab-
les and two constraints are enough) so that:
a) both LPs have an optimal solution,

b) one problem is unbounded and the other in-
feasible,

¢) both problems are infeasible.

BRAIN TEASERS

For the following problems suppose that a LP in
its standard form is given.

C1 ’If a LP has an optimal solution but no dege-
nerate optimal solution, then its dual has a unique
optimal solution.” Is this statement true?

C2 ‘If a LP has a degenerate optimal solution,
then its dual has more than one optimal solutions.’
Is this statement true?
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C3 Nech tloha LP ma jediné optiméalne rieSenie.
Vyplyva z toho, ze duil mé nedegenerované
optimalne rieSenie?

C4 Pomocou tedrie duality dokazte, ze uloha LP
v tvare ¢Tx — min, Ax < b,x > 0 ma optimdlne
rieSenie, ak

a) b > 0 a v matici A aspon jeden riadok ob-
sahuje len kladné prvky;

b) b > 0,4 > 0 a v kazdom stipci matice A
existuje kladny prvok.

C5 Namerané data vyjadrujice zavislost’ premen-
nej z od x st ulozené ako dvojice [z;,2],i =
1,2,...,n. Vyskumnik chce bodmi [z;,z;] urcit
priamku tak, aby sucet jej vertikalnych vzdiale-
nosti od danych bodov bol minimélny. Sformu-
lujte tento problém ako ulohu LP. Prec¢o by bolo
vyhodnejsie riesit’ jej dudl?

C6 Ako je potrebné upravit’ predpis pre pre-
Citanie dudlneho rieSenia z optimdlnej simplexo-
vej tabulky v pripade, ked sme tcelovi fun-
kciu primarnej tlohy pre zjednoduSenie vypoctu
prendsobili konstantou?

DOPLNKOVE ULOHY
Nasledujice ulohy LP vyrieste simplexovou me-

tédou a z optimélnej tabulky precitajte hned’ aj
rieSenie dudlu. Skontrolujte spravnost’ vysledku!

C3 Suppose a LP admits a unique optimal solu-
tion. Is this sufficient for its dual to have a nonde-
generate optimal solution?

C4 By means of duality theory prove that a LP
in the form ¢’x — min, Ax < b,x > 0 has an
optimal solution if

a) b > 0 and at least one row in matrix A con-
tains only positive elements;

b) b > 0,4 > 0 and each column of matrix A
contains a positive element.

C5 The measured data representing the depen-
dence of variable z on variable x are stored as
pairs [x;, z],4 = 1,2,...,n. A researcher wants to
determine a line such that the sum of its vertical
distances from the given points is minimal. Formu-
late this problem as a LP. Why would it be more
advantageous to solve its dual?

C6 Suppose that the objective function of the pri-
mal was multiplied by a constant. How is it ne-
cessary to adjust the rules for reading the dual
optimal solution from the optimal primal simplex
tableau?

ADDITIONAL PRACTICE

Solve the following LPs by the simplex method and
read the optimal solution of its dual from the opti-
mal tableau. Verify the correctness of the obtained
result.

b1 2x1 — 3xy — 223 + T4 + 4rs — min
T + x3 — T4 =6
T +r4 +a5=3
—T1+ 2o + x4 =5
21520
D2
r1 + 229 — x3 —> min
r1+ o+ 237
T1— To +2x3 <24
r1-3 >0
D3

2x1 — 3x2 + 423 — min

X1 —

To + .1'3:3

—I1 +2$2 +3$3 =8

r1-3 >0
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Nasledujice ulohy vyrieste tak, ze zostrojite ich Solve the following LPs in three steps: 1. formulate
dudly, tie vyrieSite a pomocou vety o komplemen- the dual; 2. solve the dual; 3. using the comple-
tarite najdete rieSenie zadanej primérnej ulohy. mentarity theorem find a solution of the original
primal LP.
D4
r1 + bxo + T3 + 10x4 + Ts + 3276 — min
—Xr1+ T2+ T3+ T4 >1
1+ 209 —x3+ 3x4— 25— Tg>1
216 >0
D5
1+ To+ T3+ T4+ Tz — max
.T1—|—SL’2+4LU3+4;U4+3$5 =3
$1—$2—2l‘3+21‘4+5l’5: 1
T1_5 >0
D6
X1+ X9 — X3 — T4 — mMax
201 + @+ a3 — 1wy < 1
214 >0
D7
x|+ 21’2 -+ 31}3 —+ 4.1'4 — min
T1+ To+ a3+ 421
21420
D8
r1+To+ 23+ x4+ x5 — min
1+ To +4xs+ dxs + 35 > 3
T1 — Tog — 2x3 + 224 + D5 < 1
x5 >0
VYSLEDKY / SOLUTIONS
B5 yOpt (1,0 B6 x°pt (1,0,0)T, y°rt = (2,0)
B8 x° (O 3,1,0)7, = (-1,0)T B9 x° (3,8,3,0 ) ,yoPt = (2,1, -3)T
B10 x°P* = (0,0, 7)T,y°pt = (1,0)T B11 x°Pt = (14,11,0)7, y°Pt = (1, -1)7
C1 No C2 No
C5 ¢ — min; to |z; — kz; —q| <t,i=1,2,...,n,t > 0,k,q Tubovolné / arbitrary.
D2 x°Pt = (0, 2,4,0,0,0)7 D3 x°P' = (2,1,0,0,0)7

D4 x°Pt = (0,1,0,0)7 D5 x°Pt = (1,0,0,0)7
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6. EKONOMICKA INTERPRETACIA DUALITY
ECONOMIC INTERPRETATION OF DUALITY

UVODNE OTAZKY

A1 Zopakujte si tvorbu dudlnych tloh.

ZAKLADNE ULOHY

B1 Zahradnik ma na sklade dve zmesi travovych
semien. Zmes I obsahuje 60% semena tréavy nazy-
vanej bluegrass, 10% semena anglického travnika
a stoji 8 €/kg. Zmes II obsahuje 20% tréavového
semena bluegrass, 50% anglického travnika a stojf
6 €/kg. (Kazd4 zmes navyse obsahuje iné typy se-
mien a inertny materidl.) Kvalitné osiatie travnika
vyzaduje pouzit’ aspon 30 kg semena bluegrass a
aspon 26 kg anglického travnika.

a) Akym spdsobom sa dd vyrobit’ najlacnejsie
osivo zo zmesi | a II, splnajice uvedené po-
ziadavky?

b) Sformulujte dudlnu tlohu a najdite jej inter-
pretaciu.

¢) Na zdklade tiemiovych cien vycislite, aky
vplyv na cenu vysledného osiva bude mat’
zvySenie poziadavky na obsah semena blu-
egrass o 1 kg.

B2 Papierne Green Paper sa zmluvne zaviaza-
li produkovat’ mesacne minimélne 240 ton toalet-
ného papiera a 280 ton novinového papiera. Vo
vyrobe sa pouzivaju tri rozne technoldgie. Pri pr-
vom technologickom procese sa ako vstup vyzaduje
cista celuldozovd hmota, pri d’alsich dvoch pro-
cesoch sa druhotne spraciva aj recyklovany pa-
pier. Kvoli prisnym ekologickym predpisom musi
Green Paper mesacne vykupit’ aspon 60 ton re-
cyklovaného papiera a zabezpecit’ jeho druhotné
spracovanie.

Kazdy proces trva celi pracovni smenu. Vstupy a
vystupy pre jednotlivé vyrobné procesy v tonach
a vyrobné naklady v eurach su popisané v nasle-
dujtcej tabulke:

WARM-UP QUESTIONS

A1 Recall the formation of dual LPs.

CORE EXERCISES

B1 A gardener has two grass blends in storage.
Blend T contains 60% of bluegrass seeds, 10% of
English lawn seeds and its price is 8 €/kg. Blend I1
consists of 20% bluegrass seeds, 50% English lawn
seeds and its price is 6 €/kg. (In addition, each
blend contains other seed kinds and inert mate-
rial.) To obtain lawn of good quality, it is neces-
sary to use at least 30 kg of bluegrass seeds and at
least 26 kg of English lawn seeds.

a) How to produce the cheapest seed blend that
satisfies the above requirements from blends
I and 117

b) Formulate the dual problem and find its in-
terpretation.

¢) Using shadow prices calculate the price of
the optimal seed blend if the requirement for
the amount of bluegrass seeds is increased by
1 kg.

B2 Paper-mill Green Paper have signed a contract
to produce monthly at least 240 tons of toilet pa-
per and 280 tons of newsprint. They use three vari-
ous manufacturing technologies. The input for the
first technological process is pure cellulose, the ot-
her two technologies utilize also recycled paper.
Because of strict ecological regulations, Green Pa-
per have to buy up and reuse monthly at least 60
tons of recycled paper.

Each process runs one whole working shift. In-
puts and outputs for each manufacturing process
in tons and cost of production in euros are listed
in the following table:

Spotreba Vyrobené mnozstvo za smenu /
proces / | recyklovaného papiera / Produced amount per shift Vyrobné néklady /
process Consumption of toal. papier / | novin. papier/ | Cost of production
recycled paper (t) toilet paper (¢) | newsprint (t) (€)
1 0 6 8 500
2 2 12 12 1000
3 3 10 15 1400
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a) Uréte optimalny mesacény vyrobny plan (t.j.
kolkokrat sa ma pouzit’ ktory vyrobny pro-
ces), ktory vyhovuje technologickym a le-
gislativnym obmedzeniam pri ¢o najnizsich
vyrobnych nakladoch.

b) Sformulujte dudlnu tlohu a néjdite jej inter-
pretaciu.

c¢) Z tabulky je vidiet’, Ze procesy, pri ktorych sa
spracovava recyklovany papier, si pre Green
Paper finan¢ne nakladné. Predpokladajme,
ze Green Paper najde malu spracovatel'ski
firmu, ktorda bude ochotna c¢ast’ recyklova-
ného papiera spracovat’ namiesto nej. Aku
sumu jej moze Green Paper zaplatit’, aby na
tomto obchode neprerobil?

B3 Sportovy klub vyrdba vo svojej lodenici dva
typy $portovych ¢lnov: dvojmiestne kanoe a turis-
ticky kajak. Clny s strojovo lisované z polyetylénu
a potom rucne upravované. Na jedno kanoe je po-
trebnych 60 kg polyetylénu, 30 minit strojového
casu a 3 hodiny rucnej préce. Na vyrobu kajaku
sa spotrebuje 40 kg polyetylénu, 20 mintat prace
stroja a 5 hodin ruénych uprav. Na nasledujice
3 mesiace mé lodenica k dispozicii 4 tony poly-
etylénu, 50 hodin strojového ¢asu a Clenovia klubu
moézu stravit’ 300 hodin pri rucénej dprave ¢lnov.
Predajna cena kanoe je 300€ a kajaku 250€.

a) Predpokladajme, ze akékol'vek mnozstvo vy-
robenych ¢lnov je mozné predat. Navrhnite
vyrobny plan, ktory za tychto podmienok za-
bezpeci lodenici maximélnu trzbu z predaja
¢lnov.

b) Za akych podmienok sa oplati lodenici do-
kupit’ d’alsi polyetylén, ak chce zvysit’ svoju
trzbu?

¢) Oplati sa klubu prenajat’ si dalsi strojovy
Cas resp. zaplatit’ externych pracovnikov, ak
chce zvysit’ trzbu z predaja ¢lnov?

OTAZKY NA ZAMYSLENIE

C1 Ak mé primédrna iloh LP jediné optimélne
rieSenie, méze mat’ prislichajica dudlna tloha
viac optimalnych rieseni? Co si potom tienové
ceny?

a) Determine an optimal monthly production
plan (i. e., how many times each process
should be used) that satisfies technological
and legislative restrictions and achieves the
lowest production cost.

b) Formulate the dual problem and find its in-
terpretation.

¢) According to the table, it is easy to see that
processes utilizing recycled paper are very
expensive for Green Paper. Suppose that
Green Paper find a small firm with speciali-
zed equipment that can handle recycled pa-
per for them. What price can Green Paper
pay for such services so that they are still
making some profit?

B3 A sports club produces in their shipyard two
types of sport boats: a double canoe and a single
kayak. Boats are machine moulded from polyethy-
lene and then manually finished. To produce one
canoe, 60 kg of polyethylene, 30 minutes of ma-
chine time and 3 hours of manual work are needed.
For a kayak, 40 kg of polyethylene, 20 minutes of
machine time and 5 hours of manual work are ne-
eded. In the comming 3 months, the shipyard has
4 tons of polyethylene, 50 hours of machine time
and club members can spend 300 hours on manual
work on boats. The price of a canoe is 300€ and
the price of a kayak is 250€.

a) Suppose that any number of manufactured
boats can be sold. Suggest a production plan
that, subject to the above conditions, brings
the maximal revenue for the shipyard.

b) In order to increase the revenue, the shipyard
can buy more polyethylene. Subject to which
conditions would it be profitable?

¢) Would it be profitable for the club to rent
more machine time or hire some external
workers?

BRAIN TEASERS

C1 If a primal LP admits a unique optimal solu-
tion, can the corresponding dual LP admit several
optimal solutions? What are then shadow prices?
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DOPLNKOVE ULOHY

D1 Firma Soft Drink pripravuje tri ovocné kon-
centraty na vyrobu nealkoholickych népojov vo
svojich troch pobockach. Tyzdenné poziadavky na
jednotlivé koncentraty (v hektolitroch) a preprav-
né naklady na jeden hektoliter koncentratu od jed-
notlivych pobociek do centralnej vyrobne firmy
Soft Drink su uvedené v nasledujucej tabulke.

ADDITIONAL PRACTICE

D1 Company Soft Drink has three branches that
produce three kinds of fruit juice concentrate used
for preparation of soft drinks. The following table
presents weekly demand for each concentrate (in
hectoliters) as well as transport costs per one hec-
toliter of a concentrate from each branch to the
headquarters of Soft Drink.

Prepravné néklady / Transport costs (€/hl)
Koncentrat / Concentrate
Pobocka / Branch 1 2 3
1 2 - 2.5
2 3 5 2
3 3 4 -
Poziadavky / Requests (hl) 1000 1200 3000

Pomlcky v tabulke oznacuju, ze dand pobocka
prislusny koncentrat nedodava. Dopravné naklady
zévisia od pozadovanej prepravnej teploty a vzdia-
lenosti pobocky od centralnej vyrobne. Tyzdennd
produkcia pobociek je limitovand iba kapacitou ich
plniacich liniek. Pre prvia pobocku je to v uhrne
1000 hl, pre druhd 2000 hl a pre tretiu 3000 hl.

a) N4jdite rozvozny plan, ktory splni pozia-
davky na jednotlivé koncentraty a bude mi-
nimalizovat’ prepravné naklady.

b) Sformulujte dudlnu tlohu a néjdite jej inter-
pretaciu.

¢) Novy vyrobny riaditel Soft Drink-u prisiel
s napadom, ze koncentraty by sa dali pro-
dukovat’ aj priamo v Soft Drink-u z ovocia,
ktoré pontkaju drobnopestovatelia na trhu
v sidle firmy, a tak uSetrit’ na preprave. Aku
sumu sa vyplati Soft Drink-u investovat’ do
takéhoto sposobu ziskavania koncentratov?

D2 Drevérska firma C+C vyraba a montuje u za-
kaznikov vstavané skrine. Obchody idu dobre a ob-
jednavky na najblizs§i mesiac prekracuju vyrobné
moznosti firmy. Za dodanie jednej skrine firma in-
kasuje 1000€. Avsak, najbliz§i mesiac mé firma
k dispozicii iba 1750 hodin pracovného fondu a
1032 montaznych sad drevenych polotovarov. Kaz-
dé skrina vyzaduje 5 hodin prace, 3 montézne sady
a jeden ram. Ramy je mozné zostavit’ eSte vo firme,
¢o si vyzaduje 2 hodiny prace a 1 montaznu sadu,
alebo ich je mozné kupit’ od dodavatel'a hotové za
275€. Néklady na jednu hodinu prace robotnika
si 10€ a jedna montazna sada stoji 50€. Nijaké
d’alsie néklady v suvislosti s vyrobou skrin sa do
zisku firmy priamo nepremietaju.

Dashes in the table indicate that the correspon-
ding branch does not supply the respective con-
centrate. Transport costs depend on the required
transport temperature and the distance from the
headquarters. Weekly production of the branches
is limited only by capacities of filling lines. For the
first branch, this capacity is 1000 hl, for the second
one 2000 hl and for the third branch 3000 hl.

a) Find a distribution plan that satisfies the re-
quirements for each concentrate while mini-
mizing transport costs.

b) Formulate the dual problem and find its in-
terpretation.

¢) The new production manager of Soft Drink
has an idea of producing concentrate directly
in Soft Drink from fruits supplied on the lo-
cal market by small farms and so save tran-
sport charges. How much should Soft Drink
invest in this way of obtaining concentrates?

D2 Company C+C manufacture and assemble sli-
ding door wardrobes for their customers. They are
very successful and for the following month they
have more orders than they are able to satisfy. A
delivery of one wardrobe brings 1000€ revenue.
However, for the following month, the company
have at their disposal only 1750 working hours and
1032 sets of wooden semiproducts. Each wardrobe
needs 5 hours of work, 3 sets and one frame. The
company are able to produce frames itself using
2 hours of work and 1 set per one frame, or they
can buy them for 275€ per piece. Hour’s wages are
10€ and the price of one set is 50€. There are no
other costs related to the manufacturing of sliding
door wardrobes.
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B1

B2

B3

D1

D2

a) Ako si mé firma napldnovat’ vyrobu na nasle- a) How should the company organize the pro-
dujuci mesiac, aby maximalizovala svoj zisk? duction for the following month to obtain

maximum profit?

b) Firma zistila, Ze by eSte mohla dokiipit’ b) Tt is possible to purchase additional sets from
d’alsie montazne sady u iného dodéavatela. another supplier. What price would be pro-
Za akt cenu sa jej to vyplati urobit’, ak chce fitable?
zZvySsit’ svoj zisk?

¢) Aké maximélne ndklady na hodinu préce ¢) What are the maximum wages per one hour
v nadcase by eSte pomohli firme zvysit’ zisk? of overtime work that make this work profi-

table?

VYSLEDKY / SOLUTIONS

Pouzit 35 kg prvej zmesi a 45 kg druhej. /Use 35 kg of the first blend and 45 kg of the second one.
Zvysenie nékladov problizne / Cost increase approximately 12,14 €.

Druhy proces 7,5-krét, treti 15-krat. / Second process 7.5-times, third process 15-times.
Maximélne 425 € za tonu. / Maximum 425 € per one ton.

50 kanof a 30 kajakov / 50 canoes and 30 kayaks.

Maximélne 4,17 € za tonu polyetylénu / maximum 4.17 € per one ton of polyethylene.

M4 to zmysel, ale najviac 16.67 € za hodinu /It is profitable, but for at most 16.67 € per one hour.

1000 hl koncentratu 3 z prvej pobocky, 2000 koncentratu 3 z druhej pobocky, 1000 hl koncentratu 1
a 1200 hl koncentrétu 2 z tretej pobocky. / 1000 hl of concentrate 3 from the first branch, 2000 hl
of concentrate 3 from the second branch, 1000 hl of concentrate 1 and 1200 hl of concentrate 2 from
the third branch.

Maximélne ndkupné ceny za hektoliter koncentrdtov 1,2 a 3 si 3 €, 4 € a 3,5 €. / Maximum
acceptable prices pre one hectoliter of concentrates 1, 2 and 3 are 3 €, 4 € and 3.5 €, respectively.

Premenné x1, x5 a x3 oznacuji pocet vyrobenych skrin, vyrobenych ramov a nakipenych ramov po
rade. / Variables z1,2z2 a x3 represent the number of produced wardrobes, produced frames and
bought frames, respectively.

Formulacia tlohy: / Problem formulation:

1000x1 — 10(5x1 + 2z2) — 50(3x1 + z2) — 27523 — max

5x1 + 222 < 1750
31+ a9 < 1032

T —To — I3 < 0
r1-3 2 0

Riesenie: vyrobit 314 skrifi, 90 ramov a kupit 224 ramov. / Solution: produce 314 wardrobes and 90
frames, buy 224 frames.

Najviac / At most 25€ za sadu / per set.
Najviac / At most 45€ za hodinu / per hour.
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7. REVIDOVANA A DUALNA SIMPLEXOVA METODA
THE REVISED AND DUAL SIMPLEX METHOD

UVODNE OTAZKY

A1 Ako zistime pri dudlnej simplexovej metdde,
ze uloha je neohranicena?

A2 Ako zistime pri dudlnej simplexovej metdde,
Ze uloha je nepripustna?

ZAKLADNE ULOHY
Nasledujtce tlohy LP rieste dudlnou simplexovou

metddou. Pre porovnanie vyrieste tilohu B1 aj pri-
marnou simplexovou metdédou.

B1

WARM-UP QUESTIONS

A1 How will you determine that a LP is unboun-
ded when using the dual simplex method?

A2 How will you determine that a LP is infeasible
when using the dual simplex method?

CORE EXERCISES

Solve the following LPs by the dual simplex me-
thod. For comparison, solve problem Bl also by
the primal simplex method.

3x1 + 4x9 + 23 + 224 — min
14+ Tot+ax3+ x4 >5H
$1+21’2—$3—|— 1‘424

B2

Ti—4 >0

T + 313 + 223 + 54 — min

r1 —

To + T3 —

x422

201+ x9— a3+ x42>3

Nasledujice tlohy LP vyrieste revidovanou
simplexovou metédou. Pre porovnanie vyrieSte
tlohu B3 aj klasickou simplexovou metédou.

B3

To + T3 —

$4Z4
x1—4 >0

Solve the following LPs by the revised simplex
method. For comparison, solve problem B3 also
by the classical primal simplex method.

23+ x4 — x5 — 216 + T7 — min
T +2I3+ T4+ Ts + $6+3I7:3
To+ T3+2x44+x5— 26+ 7 =4

B4

x1-7 20

T + T9 — T3 — 224 + x5 — 3xg — min

Il—I2+JJ3+2$4
T, + To

+ 1’6:3
+ 1’4—|-£E5—2$6:4

Ti_6 >0
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B5 Vyrieste tlohu revidovanou simplexovou me-
tédou. Ako sa zmeni optimélne rieSenie, ak pridate
novi premennu x4, ktorej koeficient v ucelovej
funkcii je —1 a zodpovedajuci stfpec v matici
ohraniceni je (2,1,—3)T?

—2ZE1 + 31‘2 — 2$3

4r1 — 3x9 — 43
3r1 + 279

To + 323

T1-3

B6 Firma Feri vyraba cistiace roztoky, ktoré pri-
pravuje zmieSavanim ucinnej latky a rozpustadla.
Momentalne ma na sklade 100 1 1c¢innej latky a
500 1 rozpust’adla. Jej sortiment pozostava z troch
istiacich roztokov s obsahom 10%, 20% a 30%
acinnej latky, ktoré sa predavaju za ceny 1, 2 a
4 €/liter. Okrem toho je mozné preddvat’ samos-
tatne rozpustadlo, v cene 0,5 €/liter.

a) Sformulujte ako ulohu LP problém urcenia
optimélneho vyrobného planu firmy Feri ma-
ximalizujiceho trzbu. Vyrieste tuto tlohu
simplexovou metédou.

Firma Feri usudila, ze trzba urCena v casti
a) je nedostacujica, pretoze na pokrytie svo-
jich prevadzkovych nakladov potrebuje pri-
jat aspon 3000 €. Rozhodla sa preto vyski-
Sat’ vyrobu uc¢innejsich ¢istiacich roztokov s
tym, ze zvySenie koncentracie ucinnej lat-
ky v roztoku o 10% zvysi cenu cistiaceho
prostriedku dvojnéasobne. Urcte, aké roztoky
a v akych mnozstvach ma firma Feri vyra-
bat’, ked’ z ekologickych dovodov chce udrzat’
podiel uc¢innej latky na ¢o najnizsej hodno-
te. Pouzite vysledok Casti a) na priddvanie
novych premennych a vyuzite revidovanu
simplexovi metoédu.

OTAZKY NA ZAMYSLENIE

C1 Je mozné precitat’ dudlne riesenie z optimaélnej
tabulky aj vtedy, ak sme pouzivali dudlnu simple-
xovi metédu?

C2 Predpokladajte, ze sme pomocou revidovanej
simplexovej metody nasli optimélne rieSenie tlohy,
vzniknutej z povodnej tlohy pridanim novej pre-
mennej. Ndjdeme v optimalnej tabulke aj rieenie
dudlu k modifikovanej tlohe?

B5 Solve the following LP by the revised simplex
method. How does the optimal solution change af-
ter adding a new variable x4, with the objective
function coefficient —1 and the corresponding co-
lumn in the constraint matrix equal to (2,1, —3)7?

— min
<2
<4
<6
>0

B6 Company Feri produces cleaning liquids by mi-
xing an active substance and a solvent. Currently,
they have 100 1 of the active substance and 500 1
of the solvent in storage. Their product portfolio
consists of three cleaning liquids containing 10%,
20% and 30% of active substance. Their prices are
1, 2 and 4 €/liter, respectively. It is also possible
to sell the solvent independently for 0.5 €/liter.

a) Formulate as a LP the problem of determi-
ning an optimal production plan that maxi-
mizes the revenue for company Feri. Solve by
the simplex method.

Company Feri has concluded that the reve-
nue computed in part a) is not sufficient since
for covering their operating costs they need
at least 3000 €. Therefore, they have decided
to produce some more efficient cleaning liqu-
ids. It is known that a 10% increase of the
active substance concentration in the liquid
doubles the price of the liquid. Determine
what liquids and in what quantities should
company Feri produce if for ecological rea-
sons they want to keep the concentration of
the active substance as low as possible. Use
the results from part a) for adding new va-
riables and use the revised simplex method.

BRAIN TEASERS

C1 Is it possible to find the dual solution from
the optimal simplex tableau when the dual simplex
method was used?

C2 Assume that the revised simplex method was
used to find the optimal solution of the LP obtai-
ned by adding a new variabel to the original LP.
Can you find the optimal solution of the dual of
the new problem in the optimal simplex tableau?
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Nasledujice tlohy vyrieste dudlnou simplexovou Solve the following LPs by the dual simplex me-
metodou. thod.

D1
3x1 + 4x9 + bxrs — min

T1+ To+ z3>6
201 — 19+ 232> 8
3x1 4+ 219 — 23> 10
r132>0
D2
2x1 4+ 6x9 + 33 + 424 — min
201 + a0+ a3+ 1424
Ty — 2Ty — T3+ 214 >5
3x1+ x9— x3— X4 >3
T1-4 >0
D3
3x1 + 4x9 + 1023 + 1524 + 625 — min
Ty — To+ X3— Ta+ x5 >12
Ty +2x9 — x3+ 4dxy— x5 >16
T1-5 >0
D4
2r1 + X9+ 3x3+ 4+ x5 — min
1 — 2x9 + 3x3 +4xs — x5 > 8
200 — X9 — X3 — X4 —X5>06
T1-5 >0
D5
4z 4+ dxy + 323 + 224 — min
T1+ X9+ T3+ 14 >1
1+ 209+ x34+ 214 > 2
201+ X9+ 223+ T4 > 2
Ti—4 >0

D6
2r1 + 319 + 23 + 224 + T5 — min

T1— 209 — 3+ X4+ x5 > 2

—T1— X9+ T3—2x4 —25>1
T1— To+ax3+204+252>4

T1+ To+x3—4x4 —25>5

x5 >0
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D7
3x1 + 229 + 3 + T4 + 225 + xg — min

T1— Toy—T3+Ty— Ts5+x62>0
1+ T2+ T3+ T4+ I5+I627
216 >0

Nasledujtice tlohy vyrieste revidovanou simplexo- Solve the following LPs by the revised simplex me-
vou metddou. thod.

D8
X1+ 2o+ XT3 — x4 — x5 — Min

T1+ 2o+ 223+ 24— 5=23
Ty — X9+ T3+ 2x4 + 225 =2
x5 >0
D9
Ty — x3+ 224 + x5 + xg — min
r1+ T + 23 + x5 —x =3
T +x34+ T4—T5— 26 =2
T+ X 4+ x4+ a5+a6=1
Ti—¢ = 0
D10
3r1 + 4x9 + 63 — max
1+ 2o+ x3<4
T+ x9— x3<60
21320
Di1
r1 — 229 + 3x3 — x4 — min
T+ 209 — 23+714 <6
T+ 303 — T3—x4 <8
r1-42>0
D12 )
X1+ To+ X3+ T4+ x5+ Tg — min
T+ 229 + 23 + T4 =4
2r1 + 319 — 23 + x5 =6
T+ Ty — I3 + x5 =2
T1—¢ = 0
D13
T + 229 — x3 + 34 — min
T1+ 209+ 23+ 224 =4
201 — X9 —x3+ 34 =05
Ti—4 >0
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D14
r1 + x9 — 3x3 + 4x4 — S5y — min
$1+I2+2I3+3$4+21‘5:3
I1—$2—2$3+2]}4+ LL’5:4
201+ o+ 203+ 14— 225 =5
x5 >0
VYSLEDKY / SOLUTIONS
B1 x** = (0,0, 1, 2)7 B2 x°Pt = (7,0,11,0)7 B3 x°P' = (0,7,0,0,0,3,0)7
B4 Neohrani¢end / Unbounded
B5 x°P' = (£,0,2)T x°Pt = (0,0,6,4)7

B6 z1, z2, x3 - mnozstvd 10%, 20% a 30% roztokov; x4 - mnozZstvo riedidla
T1, T2, 23 - amounts of 10%, 20% and 30% liquids; x4 - amount of solvent

a) x1 + 2xo + 4a3 + 0.5z4 — max
0,121 + 0,225 + 0,323 < 100
0,921 + 0,8z + 0,723 + x4 < 500

T1-4 20
X°Pt — (0,0, 10007 ggo)T

b) Vyrobit 200 litrov 50% roztoku a predat 400 litrov riedidla. Prijem je 3400 €.
Produce of 200 1 of 50% liquid and sell 400 1 of solvent. Income = 3400 €.

D1 x°P* = (6,0,0)” D2 x°Pt = (4,0, 0, 2)T D3 x°Pt = (42 )T

D4 x°Pt = (12, 32)T D5 x°P' = (0,0, 2, 2) D6 Nepripustnd / Infeasible
D7 x°P' = (0,0, 3, 2,0,0) D8 x°P* = (0, 4,0, %,O)T D9 x°Pt = (0,1,2,0,0,0)
D10 x°P* = (0,0,4)T D11 x°Pt = ( ,g,o,o)T D12 x°P' = (0,2,0,0,0,0)T
D13 x°Pt = (3,0,1,0)T D14 Nepripustnd / Infeasible.
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8. POSTOPTIMALIZACNA ANALYZA A PARAMETRICKE PROGRAMOVANIE
POST-OPTIMALITY ANALYSIS AND PARAMETRIC PROGRAMMING

UVODNE OTAZKY

A1 Zopakujte si simplexovi metddu, kritérid opti-
mality a neohranicenosti. Kedy je tloha LP nepri-
pustna?

ZAKLADNE ULOHY

B1 V skole sa ma v ¢ase prazdnin uskutocnit’ re-
konstrukcia 8 000 m? podlahy. Uvazuje sa o dvoch
druhoch podlahoviny. Cena prvého druhu je 2 € na
1 m? a druhého 3 €, pricom oba druhy je mozné
kupovat’ v 'ubovolnom mnozstve a za odrezky sa
neplati. Priemerné mesa¢né vydavky na udrzbu
(¢istenie, konzervicia a pod.) 1 m? podlahoviny
prvého druhu budi 0,3 € a pre podlahovinu dru-
hého druhu 0,15 €.

a) Kolko ktorej podlahoviny ma riaditel'stvo
skoly vybrat’, ak na nakup je planovanych
21000 € a naklady na neskorsiu udrzbu ma-
ju byt’ ¢o najnizsie?

b) Skolskd sprava znizila rozpocet na rekon-
Strukciu skoly na 20000 €. Bude potrebné
menit’ rozhodnutie o nakupe podlahoviny?

¢) Az pri vybere konkrétnych vzorov v sklade
sa zistilo, ze podlahovinu druhého typu je
potrebné navyse raz za pol roka Specidlne
prebrisit,, ¢o stoji 1.2 € na 1 m?. Ako sa
m3é zmenit’ rieSenie, aby boli dodrzané vyssie
sformulované poziadavky?

d) Riaditel skoly si vSimol, ze v sklade maju
d’alsi druh podlahoviny, o ktorom sa povodne
neuvazovalo. Zistil, ze tato podlahovina stoji
sice az 3.5 € na m?, ale mesaéné naklady na
idrzbu si u nej len 0.2 €/m?. Dosiahne ria-
ditel’ vyhodnejsie riesenie rekonstrukcie pod-
lahy, ak vyuzije aj tuto podlahovinu?

B2 Firma Fatran zabezpecuje dopravu lanovkami
na vrch Kopcisko. Jednosedadlova lanovka je star-
Sia a v ramci skiiSobnej prevadzky po rekonstruk-
cii mé zatial prepravni kapacitu 300 os6b za ho-
dinu a listok pre dospelého stoji 4 €. Deti ma-
ju 50% zlavu. Dvojsedadlovd lanovka je moder-
nejsia a za hodinu prepravi na Kopcisko 550 osob.
Listok pre dospelého na nu stoji 5 € a pre diet’a
3 €. Z bezpecnostnych dévodov vsak smie na dvoj-
sedadlovej lanovke ist diet’a len v sprievode do-
spelého.

WARM-UP QUESTIONS

A1 Recall the simplex method. When is a LP in-
feasible, optimal and unbounded?

CORE EXERCISES

B1 A reconstruction of 8000 m? floor area at a
school is planned. Two floor-board types are under
consideration. The price of the first type is 2 €/m?
and the price of the second type is 3 €/m?. Any
quantity of both types can be bought (waste is
not charged). Average maintenance costs (clea-
ning, preservation etc.) per 1 m? of floor-board are
0.3 € for the first floor-board type and 0.15 € for
the second one.

a) Which quantity of which floor-board type
should the headmaster buy, if the planned
expenses are 21000 € and the subsequent
maintenance costs should be minimal?

b) The school board decreased the budget to
20000 €. Will it be necessary to modify the
decision about floor-board purchase?

¢) Only during the inspection in the warehouse
it was found out that the second floor-board
type needs fine grinding once in six months
which costs 1.2€ per 1 m?. How has the so-
lution to be adjusted so that the formulated
requirements are kept?

d) The headmaster noticed that one more floor-
board type is available. Although its price is
3.5 € per m?, the monthly maintenance costs
are only 0.2 €/m?. Can the floor reconstruc-
tion be done more economically using this
floor-board type?

B2 Company Fatran provides cablecar transpor-
tation to Mount Kopcisko. The single cable car
is older and it is after reconstruction. During the
probationary period its transport capacity is 300
people per hour while the price of one adult ticket
is 4 €. Children have 50%-discount. The modern
two-seat cable car can transport 550 people per
hour. An adult ticket is for 5 € and a ticket for
a child costs 3 €. For security reasons, a child can
travel on the two-seat cable car only if accompa-
nied by an adult.
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2)

Ako mé veduci turistického zajazdu rozde-
lit' 300 dospelych a 500 deti na lanovky,
aby naklady na listky boli ¢o najnizsie a
vSetci Ucastnici zajazdu boli prepraveni na
Kopcisko?

Ako sa zmeni formuldcia a rieSenie ulohy,
ak si vedici zadjazdu zrazu uvedomil, zZe
vzhl'adom na nahusteny program sa mozu na
Kopéisko prepravovat’ len jednu hodinu?

Pre firmu Fatran je spoluprica s turistami
natolko dolezita, ze sa operativne rozhodla
vyhlésit’ aként cenu detského listka na star-
Sej lanovke, a to 1 €. Ako to ovplyvni roz-
hodnutie vedticeho zajazdu?

Dispecer navySe usudil, ze skidSobna pre-
vadzka na jednosedadlovej lanovke prebehla
dspesne, a preto dnes moze zvysit’ jej prep-
ravnu kapacitu na maximum, ¢o znamena,
ze moze prepravit’ az 350 os6b za hodinu.
Aky teda bude definitivny prepravny plan
ucastnikov zdjazdu?

a)

A tourist group consists of 300 adults and
500. How should their leader organize them
so that the transportation costs would be mi-
nimal and all of them get to Mount Kop-
cisko?

The leader realized that due to a rich prog-
ram the transportation to Mount Kopcisko
can take at most one hour. How does this
affect the formulation of the problem?

Company Fatran appreciate the cooperation
with tourist groups. Hence they have decided
to announce a special price 1 € for the older
cable car child ticket. How will this influence
the decision of the leader?

The transport supervisor concluded that the
probationary period of the older cable car
was successful and hence its transport ca-
pacity can be increased to the maximum
350 people per hour. After this decision,
what will be the final transportation plan of
the group?

Rieste nasledujuice tlohy parametrického progra-
movania pre uvedené hodnoty parametra .

Solve the following parametric programs for the
given ranges of parameter \.

B3 \ € (—10, 10)
3r1 + 225 — min
T1+ 22 <6+ A
201 — T <4 — )\

T1,T0 >0
B4)AeR
(24 ANz + (1 — N)zy + x3 — min
1+ 229 + 13 < 6
Ty — To+x3< 4
x1,T2,23 > 0
B5 A € (—6,6)
2x1 — (1 4+ N)xo — min
T+ To+ Tz3=2+ A\
—x1 + To+2r3=4— X\
x1,T2,23 > 0
B6 \ € (—5,5)
2x] — To — Min
T+ ALy < 2

1+ (1+ Nz >1

x1,22 >0
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OTAZKY NA ZAMYSLENIE

Cl Nech M = {x € R" : Ax = b,x > 0}, A je
redlne ¢islo a nech x* je optimadlne rieSenie tlohy
c’x — max, x € M.

a) Za akych podmienok je vektor x* optimdl-
nym riesenim tlohy

BRAIN TEASERS

Cl Let M = {x € R" : Ax = b,x > 0}, A be
a real number and x* be an optimal solution of
program ¢’ x — max, x € M.

a) Under which conditions is vector x* an opti-
mal solution of LP

Acl'x — max
xeM?

b) Ozna¢me symbolom 1 € R™ vektor, ktory
mé vsetky zlozky rovné jednej. Za akych
podmienok je x* optimdlnym riesenim tlohy

b) Denote by 1 € R™ the vector with all its
entries equal to one. Under which conditions
is x* an optimal solution of LP

(c+A1)Tx — max
xeM?

DOPLNKOVE ULOHY

D1 Podnik vyrédba vyrobky V1, V2 a V3 a na ich
vyrobu potrebuje polotovary P1, P2 a P3. Zaso-
by polotovarov, spotreba jednotlivych polotovarov
(v kusoch) na jeden kus kazdého z vyrobkov V1,
V2, V3 azisk z predaja vyrobkov si popisané v na-
sledujticej tabulke:

ADDITIONAL PRACTICE

D1 The company produces products V1, V2 and
V3. For their production semiproducts P1, P2 and
P3 are used. Semiproducts availability, their con-
sumption (in pieces) per one piece of each product
V1, V2, V3, and the profit from selling the pro-
ducts are in the following table:

Polotovar Spotreba na vyrobok / Consumption per piece Zasoby
Semiproduct V1 V2 V3 Availability
P1 1 80
P2 0 2 50
P3 40

Zisk /Profit 8 € 1€ 12 € -

a) Stanovte vyrobny program, ktory maximali-
zuje zisk z predaja a pritom spotreba polo-
tovarov nepresiahne mnozstvo zasob.

b) Zistilo sa, ze v skutoc¢nosti ma podnik na
sklade polotovary v mnozstvach 60, 30 a 80
kusov. Ako treba upravit’ vyrobny plan?

D2 Pekaren vyraba ako doplnkovy sortiment za-
kusky a cukrovinky, pricom pri tejto vyrobe pou-
ziva oriesky a cokoladu, z ktorych si moze robit’
iba obmedzené zasoby. Spotreba tychto surovin na
jedno balenie a zisk z jedného balenia zakuskov a
cukroviniek st uvedené v nasledujicej tabulke:

a) Determine a production plan maximizing the
profit on condition that the need of semipro-
ducts does not exceed their availability.

b) In reality, the semiproducts are available in
quantities 60, 30 and 80. How should the pro-
duction plan be adjusted?

D2 The bakery produces cakes and sweets using
nuts and chocolate. The available amounts of nuts
and chocolate are limited. Consumption of nuts
and chocolate (in kilograms) per one package and
the profit from one package of cakes and sweets
are in the following table:

Oriesky / Nuts Cokoldda / Chocolate | Zisk / Profit
(8) (8) (€)
Zakusky/Cakes 100 120 10
Cukrovinky /Sweets 250 60 9
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a) Uréte optimdlny vyrobny plén (maximali-
zujuci zisk) za predpokladu, ze v sklade je
90 kg orieskov a 60 kg ¢okolady a celi pro-
dukciu je mozné predat’.

b) Ako je potrebné upravit’ vyrobny pldn, ak
treba navyse zohl'adnit’, ze pri vyrobe jedné-
ho balenia zakuskov sa spotrebuje 25 kWh
elektrickej energie, pri vyrobe cukroviniek
10 kWh a firma ma z mesa¢ného limitu k dis-
pozicii uz iba 120 kWh energie?

¢) Jedna z cukrarok navrhla vedicemu pekér-
ne, ze by mohli vyrabat’ eSte orieskové $pi-
ce. Na jedno balenie tejto lahddky sa spo-
trebuje 20 kg orieskov, ziadna ¢okolada a
20 kWh elektrickej energie, ale zisk moze byt’
az 15 € za kus. Povedie zavedenie tohto
vyrobku k zvyseniu celkového zisku pekarne?

D3 Firma Chemona produkuje dve umelé hnojiva
Natrit a Phosphorit. Prvé z nich sa predava po
20 €/kg a druhé po 30 €/kg. Bazickou zlozkou
oboch hnojiv je zemina (50 % pre Natrit a 75 % pre
Phosphorit), ktorej skladovacie kapacity méa firma
obmedzené. NavysSe, vzhl'adom na nepruznost’ do-
dévatela je zeminu mozné nakupovat’' vzdy len
na zaciatku mesiaca. Ostatné zlozky hnojiv vie
firma dopiﬁat’ plynule. Pri produkcii 1kg Natritu
dochédza k znecisteniu 10 litrov vody a pri vyrobe
1 kg Phosphoritu k znec¢isteniu 12 litrov vody.

a) Aké mnozstvo Natritu a Phosphoritu mé
firma v priebehu mesiaca vyrobit’, aby do-
siahla maximalny vynos, ked na sklade je
v sucasnosti podl'a odhadu skladnika 600 kg
zeminy a v ¢isticke moze spracovat’ nanajvys
12001 znecistenej vody mesacne?

b) O kolko sa mohol pomylit’ skladnik pri od-
hade zasob zeminy, aby ziskany vyrobny plan
zostal optimalny?

Rieste nasledujuice tlohy parametrického progra-
movania pre uvedené hodnoty parametra .

a) Determine an optimal production plan maxi-
mizing profit provided that they have 90 kg
of nuts and 60 kg of chocolate and the whole
production can be sold.

b) For the production of one cake package,
25 kWh of electric power are needed, for one
sweets package 10 kWh. How should the pro-
duction plan be adjusted if the company has
this month only 120 kWh of electric power
at their disposal?

¢) The manager considers the production of nut
pikes. Per one package of this delicacy, 20 kg
of nuts, no chocolate and 20 kWh of electric
power are needed, and the profit is 15 € per
package. Will the introduction of nut pikes
into production increase the profit of the ba-
kery?

D3 Company Chemona produces two types of
fertilizers Natrit and Phosphorit. The prices are
20 €/kg for the first one and 30 €/kg for the se-
cond one. The major component of both fertilizers
is soil (50 % for Natrit and 75 % for Phosphorit)
but the company has a limited storage capacity
for it. Moreover, soil can be purchased only at the
beginning of each month. Other fertilizers compo-
nents can be purchased continuously. When produ-
cing 1kg of Natrit, 10 liters of water are polluted,
and for 1kg of Phosphorit 12 liters.

a) What amounts of Natrit and Phosphorit can
the company produce in a month to maxi-
mize its revenue if 600 kg of soil are available
and their sewerage plant can treat at most
12001 of polluted water per month?

b) In which range of soil availability remains the
computed production plan optimal?

Solve the following parametric programs for the
given ranges of parameter \.

D4\ € (—2,2)
(14+ Nz + (1 —AN)z2+ (2= A)xg — min
T+ Ty — 3 <6
2x1 — To + 3 <9

Ty, 29,23 > 0
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D5 \ € (—2,2)
T — 279 + T3 — s <0
2%1 + 3$2 — T3 + 2$4 < 5
-1 + 2272 — 31’3 — 31’4 S 5
T1—4 >0
D6 \ € (—2,8)
AT] — Lo — min
3‘%‘1 — X9 Z 5
21’1 + X9 < 3
D7\ e (-2,0)
(=1+ Nz + (=24 N)z2 + (=3 4+ 2N\)z3 — (1 4+ 2X)z4 — max
T — 2z9 + T3 — Ty < 2A
25(]1+ 35(]2— ZL’3+ 2[E4§5—/\
-z + 229 — 3xr3 — 3ry <5
T1—4 >0

D8 Predajna FARBY-LAKY prave dostala faxova
ponuku dvoch druhov kvalitnych lakov na drevo.
Leskly lak sa ma preddvat’ po 8 €/kg, ale cena
matného bola necitatelna. Vzhladom na bezpec-
nostné predpisy sa v predajni nesmie skladovat’
viac ako 100kg lakov a navySe vedici vie, ze
matného laku sa nepreda nikdy viac ako lesklého.
Kolko ktorého laku mé vedici objednat’, ak chce
maximalizovat’ trzbu a ocakava, ze cena matného
laku sa nebude od ceny lesklého lisit’ viac ako o
20%7

D9 Firma Patatas vlastni dve multifunkéné linky
na vyrobu zemiakovych polotovarov. Prva linka
vyrobi za smenu 2 t hranolkov a po jednej tone kro-
kiet a lupienkov, druha linka vyrobi po jednej tone
hranolkov a krokiet a dve tony lupienkov. Naklady
na jednu smenu prace prvej linky si 300 €, pre
druhu linku je to 500 €. Momentalne ma firma
Patatas potvrdené objednavky na 10t hranolkov,
8t krokiet a 12t lupienkov s tym, ze jeden z odbe-
ratelov mé zaujem o d’alsie lupienky v mnozZstve
najviac 10t a slibil oznamit’ presné mnozstvo v
najblizéom case. Ako si ma firma Patatas rozde-
lit’ pracu na svoje dve linky, ak sa chce pripravit’
na vSetky mozné eventuality a v kazdom pripade
minimalizovat’ svoje naklady?

B7 A store has just received an offer for two high-
class enamels. The price of glossy enamel is 8 €/kg,
but the price of the mat one is unreadable. Be-
cause of the safety regulations, there can be at
most 100 kg of enamels in store. Moreover, the ma-
nager knows that the demand for mat enamel is
always lower than that of the glossy enamel. What
quantities of enamels should the manager order if
he wants to maximize the revenue, and he expects
the price of the mat enamel not to differ from the
price of glossy enamel by more than 20%?

B6 The Patatas company have two workshops.
During one shift the first workshop produces 2t
of French fries, 1t of croquettes and 1t of chips.
The second workshop produces 1t of French fries,
1t of croquettes and 2t of chips per shift. Pro-
duction costs per one shift are 300 € for the first
workshop and 500 € for the second one. At pre-
sent, Patatas have orders for 10t of French fries,
8t of croquettes and 12t of chips. A new customer
wants to buy some chips, but at the moment he
is not able to state the precise amount (this will
be known soon), he only promised not to demand
more than 10t. How should Patatas organize their
production if they want to be prepared for all al-
ternatives but still minimize their costs?
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VYSLEDKY / SOLUTIONS

B1 a) 3000 m? prvej podlahoviny, 5000 m? druhej / 3000 m? first floor-board, 5000 m? second one.
b) 4000 m? oboch podlahovin / of both floor-board types.

¢) Pouzi iba prvi podlahovinu / Use only the first floor-board.

d

) Tretia podlahovina sa neoplati. / The third type is no worth consideration.

h\ «OPt Fopt I «OPt fFopt
B3 (—10,—6) nepripustnd/infeasible B4 (—00,2)  (4,0,0)7 8+4\
(—6,4)  (0,0)7 0 (-2,1)  (0,0,0T 0

(4,10) 0,1 —4)T 2\ -8 (1,00)  (0,3,00T 3-3A

D1 a) 12,5 kusov V1 a 40 kusov V2 / 12,5 pieces of V1 and 40 pieces of V2.

b) 35 kusov V2 a 25 kusov V3 / 35 pieces of V1 and 25 pieces of V2.

)

)

D2 a) 5 baleni zdkuskov / cake packages.

b) 4 balenia zdkuskov a 2 balenia cukroviniek / 4 cake packages and 2 sweets packages.

¢) 2 balenia zdkuskov a 3,15 balen{ $pisov / 2 cake packages and 3.15 packages of nut pikes.
)
)

D3 a) 100 kg Phosphorit.
b) Zdsoba zeminy m4 byt aspon 75 kg /Soil storage has to be at least 75 kg.

)\ Xopt fopt )\ Xopt fopt
<7251> (%vOaO)T % =+ %)\ <72a7%> (030707%)T % +5>‘
D4 <_1a1> (070,0)T 0 D5 <_%7%> (O,O,O,O)T 0
(L,3)  (0,6,0)T 6 — 6 ($.%2)  (2,5,007 22—\
(%,2> neohr. /unbounded <1§3,2> (g, %, %,O)T % - %/\
)\ Xopt fopt
D6 <_253) (%v_%)T %/\4—%
3 (%uaféﬂf(liu)5)T7 [IAS <Oa 1> 5
(3,8) neohr. /unbounded
pY Xopt fopt
—2,-2)  (0,-5,-3X,0) 1044\ —6A?
_ _l>
D7 T2

(

(0005 3) =224 N
(0,0,0,—2X) 2\ +4\2

(
(

o~~~ o~ o~
S
Gloy = NI Wl
(=]
=

~ ~ -

0,0,0,0) 0
2
5-2,0,0,00 —5+3x-2

—_

D8 Ak je matny lak lacnejsi ako leskly, objednaj 100 kg lesklého laku, inak 50 kg z oboch lakov.

If the mat enamel is cheaper, order 100 kg of the glossy enamel, otherwise 50 kg of both types.

)\ Xopt fopt

0,2)  (4-=X4+NT 32+ 2)
(2.8)  G-35+37T F+3)
(8,1

D9
37 3
,10) (0,6 + 3)7 30+ 2
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9. CELOCISELNE LINEARNE PROGRAMOVANIE
INTEGER LINEAR PROGRAMMING

UVODNE OTAZKY

A1 Aky je vzt'ah medzi rieSeniami tlohy celocisel-
ného LP a rieSeniami jej relaxacie?

ZAKLADNE ULOHY

B1 Nabytkarsky podnik vyraba stoly a stolicky.
Na st6l st potrebné 4m? a na stolicku 3m? dreva.
Drevo sa da naktipit po 20 €/m?, pricom pod-
nik moze zakipit’ 1000m?. Na vyrobu ¢iastoéne
dokonceného stola si potrebné 3 hodiny prace, pri-
¢om na jeho 1plné dokoncenie treba d’alsie 4 ho-
diny prace. Na vyrobu ¢iastoéne dokoncenej sto-
licky su potrebné 3 hodiny prace, pricom na jej
Uplné dokoncenie treba d’alsie 3 hodiny prace. K
dispozicii je 8000 hodin préace, ktora uz bola za-
platena. Predajnd cena za nedokonceny stol je
140 €, za dokonceny stol 260 €, za nedokoncent
stolicku 120 € a za dokoncenu stolicku 220 €.
Zostavte tlohu celociselného linearneho programo-
vania, ktord maximalizuje zisk z vyroby stolov a
stoliciek.

B2 V nevelkej oblasti lezi 5 miest a okresny drad
parlament musi rozhodnut’, v ktorych z nich ma
postavit’ poziarne stanice. Chct ich postavit’ mi-
nimalny pocet pri splneni podmienky, ze kazdé
mesto bude dosiahnutelné od nejakej poziarnej
stanice do 15 miniit. Casy medzi mestami (v mi-
nitach) st uvedené v nasledujiicej tabulke:

WARM-UP QUESTIONS

A1 What is the relation between solutions of in-
teger LP and solutions of its relaxation?

CORE EXERCISES

B1 A company manufacture tables and chairs. To
produce a table, 4 m? of timber is needed and 3 m?
for a chair. The price of timber is 20€/m? and at
most 1000 m? of timber can be provided. Work re-
quirements per one semi-finished table are 3 hours,
to entirely finish a table another 4 hours are ne-
eded. To produce a semi-finished chair, 3 work
hours are needed, and another 3 hours to finish
it entirely. The company have 8 000 work hours at
their disposal. The selling price of a semi-finished
table is 140 € and that of a finished table 260 €,
price of a semi-finished chair is 120 € and of a
finished chair 220 €. Formulate an integer linear
program to maximize the profit from production
of tables and chairs.

B2 In a rather small area there are 5 cities. Local
authorities have to decide in which ones to build
firehouses. They want to build a minimal possible
number of firehouses on condition that each city
will be achievable in 15 minutes from some fire-
house. Travel times between cities (in minutes) are
listed in the following table:

mesto 1  mesto 2 mesto3 mesto4d mesto5 mesto 6
city 1 city 2 city 3 city 4 city 5 city 6
mesto/city 1 0 10 20 30 30 20
mesto/city 2 10 0 25 35 20 10
mesto/city 3 20 25 0 15 30 20
mesto/city 4 30 35 15 0 15 25
mesto/city 5 30 20 30 15 0 14

Zostavte ulohu CLP, ktori moze okresny urad
pouzit’ na ndjdenie miniméalneho poc¢tu poziarnych
stanic.

B3 Postovy trad potrebuje v rézne dni rézne poc-
ty zamestnancov pri priehradkach: v pondelok 16
zamestnancov, v utorok 13, v stredu 14, vo stvr-
tok 15, v piatok 16, v sobotu 16 a v nedelu 10.
Tito zamestnanci musia byt’ zamestnani na plny
uvézok a odborové pravidla vyzaduju, aby kazdy
zamestnanec pracoval pat’ po sebe nasledujicich
dni, po ktorych bude mat’ dva dni vol'na. Zostavte
tlohu CLP, ktori mo6ze postovy urad vyuzit' na
optimalizdciu po¢tu zamestnancov.

Formulate an ILP that can be used by the local
authorities for finding a minimal number of fire-
houses.

B3 For fluent service of a post office different daily
numbers of operators are required: on Monday 16
operators, on Tuesday 13, on Wednesday 14, on
Thursday 15, on Friday 16, on Saturday 16 and
on Sunday 10. Operators have to be full-time em-
ployees. Moreover, according an agreement with
the labour union, each employee works five con-
secutive days and subsequently has two days off.
Formulate an ILP that can be used by the post
office to minimize the number of staff members.
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B4 Stavebna firma ziskala zdkazku na rekons-
trukciu strechy historickej budovy. Pre plynulu
pracu tesarov je potrebné kazdy tyzden zabezpecit’
prisun 350 ks dvojmetrovych tramov a 950 ks krat-
kych podpier. Rezanie trdmov a vyrobu podpier
vie firma zabezpecit’ vo vlastnej stolarskej dielni
na dvoch strojoch A a B. Na obsluhu kazdého
zo strojov su potrebni dvaja kvalifikovani stolari
s rovnakou hodinovou mzdou. Ako polotovar sa
v dielni pouziva dvojmetrova gulatina standardi-
zovaného priemeru. Najprv sa vzdy vyreze ma-
ximdalne mozné mnozstvo tramov a potom sa zo
zvySku gulatiny narezi podpery. Pocty vyrobe-
nych trdmov a podpier na strojoch A a B z
jedného kusa gulatiny a ¢as jeho spracovania sa
lisia. Dielna méa 16 kusov gulatiny. Kolko kusov
gulatiny sa méa na kazdom zo strojov spracovat’,
aby sa minimalizovali mzdové naklady?

B4 A construction company has won a contract to
reconstruct the roof of a historical building. To en-
sure smooth work of workers, it is necessary to pro-
vide them weekly with 350 pieces of two-meter tim-
ber and 950 pieces of short braces. Timber cutting
and brace production can be performed in com-
pany’s workshop by two machines A and B. Two
competent carpenters with the same wage rate are
needed for handling each machine. The workshop
uses two-meter logs of standardized diameter as
a semiproduct. The following table presents the
processing time of one log and the number of pro-
duced timbers and braces on machines A and B.
The company obtains 16 logs weekly. How should
the log processing be organized so that the total
wage costs are minimal?

Stroj Cas spracovania (hod.) Pocet vyrobenych tramov Pocet vyrobenych podpier
Machine Processing time (h) Number of produced timbers | Number of produced braces
A 3 60
B 4 80

OTAZKY NA ZAMYSLENIE

C1 Predpokladajme, ze optimum relaxacie danej
tlohy CLP sa dosahuje v bode, ktorého stradnice
su vsetky celociselné. Je tento bod optimom aj
povodnej tlohy CLP?

C2 Zostrojte tlohu CLP, ktord ma konecne vela
pripustnych rieseni, zatial' ¢o jej relaxécia je neo-
hranicena.

C3 Njjdite ulohu CLP, ktord mé optimdlne
rieSenie a pritom jej relaxacia je neohranicend.

DOPLNKOVE ULOHY

D1 Linearizujte danu ucelovu funkciu zavedenim
celociselnych premennych a linedarnych ohraniceni.

f()

BRAIN TEASERS

C1 Given an ILP, suppose the optimal value of
its relaxation is attained at a point with all coor-
dinates integral. Is this point the optimum of the
original problem?

C2 Construct an ILP with finitely many feasible
solutions while its relaxation is unbounded.

C3 Find an ILP that has an optimum solution but
its relaxation is unbounded.

ADDITIONAL PRACTICE

D1 Linearize the given objective function by in-
troducing integer variables and linear constraints.

(&)

[ . (N

Ty
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D2 Vyjadrite pomocou linedrnych nerovnosti a
celo¢iselnych (bindrnych) premennych nekonvexné
mnoziny a) - h).

D3 PasSerak unesie batoh hmotnosti maximalne
30kg. Pasovat’ moze 6 predmetov s hmotnost'ami
4,5,6, 7, 8 a9 kg, ktoré mu vynesu zisk 18, 17,
19, 20, 25 a 30 €. Ako si ma paSerdk nalozit’ ba-
toh, ak chce maximalizovat’ svoj zisk a predmety
nemoze delit’?

D4 Riaditel’ nemocnice riesi problém navrhnut’ zo-
stavu izieb pre novu kliniku. Sd pripustné jedno,
dvoj- a trojlozkové izby. Celkovy pocet izieb nema
prekroc¢it’ 70 a pocet 16zok nemé byt mensi ako
100. Podiel jednolozkovych izieb ma byt medzi
15% a 30%. Plosné vymery pre jedno, dvoj a
trojlézkové izby su 10, 14 a 17 m2. Kazdy pa-
cient v dvoj- alebo trojlozkovej izbe vyzaduje
80% casu pomocného persondlu oproti pacien-
tovi v jednoldzkovej izbe. Zisk (pre nemocnicu)
z jedného 16zka je nepriamo imerny poctu l6zok
v izbe, v ktorej je umiestnené. Sformulujte tlohu
celociselného linedrneho programovania, ak cielom
je

maximalizovat’ celkovy zisk;

minimalizovat’ poziadavky na pracu pomoc-
ného persondlu;

maximalizovat’ priemerny zisk na jedno 16z-
ko;

minimalizovat’ potrebnt plo$nt vymeru.

D2 Express the following nonconvex sets a) - h)
using linear inequalities and integral (binary) va-
riables.

b

D3 A smuggler is able to carry a knapsack weig-
hing at most 30kg. He can smuggle 6 various artic-
les of weights 4, 5, 6, 7, 8 and 9 kg with a gain of 18,
17, 19, 20, 25 and 30 €, respectively. How should
the smuggler pack his knapsack to maximize his
gain if articles cannot be divided?

D4 The hospital director wants to determine the
mix of rooms in a new building. There are three
types of rooms: single, twin and triplets. The to-
tal number of rooms should be at most 70 and
the total number of beds at least 100. The percen-
tage of single-bed rooms should be between 15 and
30. The floor areas required for the three types of
rooms are 10, 14 and 17 m?, respectively. Each pa-
tient in a twin or a triplet room requires the use of
80% of the man-hours of the nonmedical personnel
needed by a patient in a single room. The profit
(to the hospital) from a bed is inversely proporti-
onal to the number of beds in the room where it
is situated. Formulate an ILP if the objective is

a)
b)

maximize the total profit;

minimize the requirement of nonmedical per-
sonnel man-hours;

c)
d)

maximize the average profit per bed;
minimize the total floor space needed at the
facility.
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D5 Spolocnost’  vyrdbajica ¢lny musi  schva-
litt vyrobny pldn na nasledujuce styri kvartaly.
Ma zdkazky na 40 ¢lnov v prvom stvrtroku, 60
¢lnov v druhom S$tvrtroku, 70 ¢lnov v tretom
stvrtroku a 30 ¢lnov vo Stvrtom Stvrtroku. Po-
zadované ¢lny musi vyrobit’ nacas. Na zaciatku
roku je na sklade 10 ¢lnov. V tvode kazdého kvar-
talu sa spolo¢nost’ musi rozhodnut’, kolko ¢lnov
vyrobi v tomto Stvrtroku. Spolo¢nost’ dokaze
kazdy stvrtrok vyrobit’® 40 ¢lnov po 360<€, pri-
¢om tieto ¢lny st vyrobené pocas riadneho pra-
covného éasu. Clny vsak mézu byt vyrobené aj
pocas nadcasov, lenze v tomto pripade ich vyroba
stoji 405€ za kus. Ak m4 spoloénost’ na skla-
de nejaké ¢lny este aj na konci Stvrtroku, tak
ich preskladovanie stoji 180€ =za kazdy jeden
¢ln. Zostavte ulohu CLP, ktord bude minimalizo-
vat’ ndklady spolo¢nosti za obdobie nasledujicich
Styroch stvrtrokov.

D6 Poistoviia odhaduje, ze pocas prvého pol-
roka bude potrebovat’ nasledujice pocty osobnych
pocitacov: v januari 9, vo februdri 5, v marci 7, v
aprili 9, v m4ji 10 a v juni 6. Poc¢itace mozno pre-
najat’ na obdobie jedného mesiaca za 200 etr, na
obdobie dvoch mesiacov za 350 edr a na obdobie
troch mesiacov za 450 etr. Zostavte tlohu CLP mi-
nimalizujicu naklady za ndjom pocitacov. Mozete
predpokladat’, ze ak sa pocita¢ prenajme na obdo-
bie prekracujice koniec juna, tak sa naklady pro-
porcionalne prepocitaju. Napriklad, ak sa pocitac
prenajme na tri mesiace na zac¢iatku maja, tak jeho
najomné bude 2.450 = 300 etir.

D5 A company manufacturing boats have to take
decision about the production plan for the next
four quarters. They have orders for 40 boats in the
first quarter, 60 boats in the second quarter, 70 bo-
ats in the third quarter and 30 boats in the fourth
quarter. Demanded boats have to be finished on
time. At the beginning of the year, the company
have 10 boats at storage. At the beginning of each
quarter, the company have to take decision about
the number of boats to produce during that quar-
ter. The company is able to produce during the re-
gular working time 40 boats per quarter with cost
360<€. However, they are also able to manufacture
boats during overtime but for 405€per a piece.
Storage charges for boats left at the storage at the
end of a quarter are 180€ per each boat. Formu-
late an ILP that finds a cost-minimizing produc-
tion plan for the following four quarters.

D6 An insurance company requires for the upco-
ming six months the following numbers of compu-
ters: 9 in January, 5 in February, 7 in March, 9 in
April, 10 in May and 6 in June. Computers can be
rented for a one-month period per 200 euros, for a
two-month period per 350 euros and for a three-
month period per 450 euros. Formulate an ILP mi-
nimizing the rent costs of computers. If computers
are rented for a period exceeding the end of June,
the rent costs are proportionally calculated. For
example, if computers are rented for a three-month
period at the beginning of May, then the rent costs
will be 2.450 = 300 euros.



K. Cechldrové: Linedrne programovanie v tlohdch/Linear programming via problem solving

51

D7 Firma prevadzkuje siet’ poradenskych miest,
zaoberajucu sa instaldciou poc¢itacovych systémov.
V priebehu nasledujucich piatich mesiacov bude
potrebovat’ technikov, ktori odpracuju 6 000 ho-
din v prvom mesiaci, 7000 hodin v druhom me-
siaci, 8000 hodin v tretom mesiaci, 9500 hodin
vo §tvrtom mesiaci a 11500 hodin v piatom me-
siaci. Na zaciatku prvého mesiaca pracuje vo firme
50 technikov, pricom kazdy technik moze praco-
vat’ nanajvy$ 160 hodin za mesiac. Aby firma
pokryla rastici dopyt, potrebuje vyskolit’ novych
technikov. Vyskolenie nového technika trva jeden
mesiac a na jeho vzdeldvanie je potrebnych 50
hodin pracovného ¢asu uz vyskoleného technika.
Kazdy vyskoleny technik dostéava plat 2000€ za
mesiac, a to aj vtedy, ked pracuje menej ako 160
hodin. Skoleny pracovnik dostéva plat 1000€ za
mesiac. Na konci kazdého mesiaca odide z firmy
5% technikov do softvérovej spolo¢nosti. Zostavte
tlohu CLP, ktorej riesenie bude firme minimalizo-
vat’ mzdové néklady a zabezpeci pokrytie dopytu
na nasledujticich pat’ mesiacov.

D8 Plavecky klub East ma 12 plavcov. Kazdy
plavec méze plavat hociktorym zo §tyroch pla-
veckych §tylov: motylik, kraul, prsia a znak. Pla-
vec j prepldva Stylom ¢ 50 metrov za t;; sekind.
Predpokladajme, Ze vSetky t;; st dané.

Rozdel'te plavcov do troch timov po Styroch plav-
cov, tak aby sa mohli zicastnit’ stafetovych
pretekov na 200 m. Stafeta pozostiva zo Sty-
roch 50 metrovych usekov, pricom kazdy usek
musi preplavat’ iny plavec inym stylom. Celkovy
¢as timu v Stafete je sicet ¢asov jeho Clenov na
jednotlivych tisekoch.

a) Klub chce nasjt tfm, ktory dosiahne najlepst
celkovy ¢as. Sformulujte tilohu CLP.

b) Klub sa chystd na stretnutie s inym klubom,
ktorého 3 polohové stafetové timy maju casy
t1, to a t3. Po skonceni pretekov sa vSetkych
Sest’ druzstiev zoradi podla dosiahnutych
casov a pridelia sa im body 8, 6, 4, 3, 2 a
1 podl'a umiestnenia. Celkovy bodovy zisk
klubu je rovny suc¢tu bodov jeho jednotlivych
timov. Ako mé plavecky klub rozdelit’ svo-
jich plavcov do timov, aby vyhral stretnutie?

D9 Latinsky $tvorec radu n je Stvorcova matica
radu n obsahujica ¢isla 1,2, ..., n tak, ze kazdé sa
vyskytuje v kazdom riadku a stlpci prave raz.

a) Sformulujte problém ndjdenia latinského
Stvorca radu n ako problém néjdenia pripust-
ného riesenia tlohy CLP.

D7 A company operates a consultants network
concerned with installation of computer systems.
Within the following five months, they will need
their technicians to work 6000 during the first
month, 7000 hours during the second month, 8 000
hours in the third month, 9 500 hours in the fourth
one and 11 500 hours in the fifth month. At the be-
ginning of the first month, the company employs
50 technicians and each technician can work at
most 160 hours per a month. To meet the demand,
the company need to train new technicians. A trai-
ning of a new technician lasts one month and it
requires 50 hours of working time of an already
trained technician. Each already trained techni-
cian has wage of 2000€ per month, no matter
if he works 160 hours or less. A technician in trai-
ning has a wage of 1000€ per month. At the end
of each month, 5% of all technicians leave because
they take a job in a software company. Formulate
an ILP that minimizes the wage costs of the com-
pany and satisfies the demand for the following five
months.

D8 The East Club has 12 swimmers. There are
four types of swimming strokes: back, breast, but-
terfly and freestyle. t;; denotes the time in seconds
that the jth swimmer needs to cover 50 meters
using stroke type 4, and all the ¢;; are given.
Group the swimmers into three teams of four
swimmers each, to compete in a 200 meter relay.
The relay consists of four legs (50 meters each), in
each leg a different stroke type has to be used and
a different member of the team must be nomina-
ted. The total time of a team in the relay is the
sum the times achieved in each legs.

a) Formulate an ILP to find the best team (i.
e., the one that with the smallest total time).

b) The East Club will meet with the West Club
whose three teams have total times t1, to and
t3. After the meeting, all the six teams are
ranked according to their total times. The
points given to the teams in positions 1 to 6
in this ranking are 8, 6, 4, 3, 2 1, respectively.
The score of a club is the sum of the points
of its three teams. Assign the swimmers of
the East Club to win the meeting.

D9 A latin square of order n is a square matrix of
order n, its entries are 1,2, ...,n and each number
appears exactly once in each row and column.

a) Formulate the problem of finding a latin squ-
are of order n as the problem of finding a
feasible solution of an ILP.
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b)

Latinsky Stvorec sa nazyva diagondlny, ak
¢isla na uhlopriecke si navzdjom rézne. Sfor-
mulujte problém najdenia diagonalneho la-
tinského Stvorca rdadu m ako problém né&j-
denia pripustného riesenia tlohy CLP.

Dva latinské stvorce radu n A = (a;j)
a B = (b;;) st ortogondlne, ak usporia-
dané dvojice (a;j,b;;) st navzdjom rozne.
Sformulujte problém najdenia dvojice orto-
gonalnych latinskych §tvorcov radu n ako
problém najdenia pripustného riesenia tilohy
CLP.

b)

A latin square is called diagonal, if each num-
ber appears exactly once in each diagonal.
Formulate the problem of finding a diagonal
latin square of order n as the problem of fin-
ding a feasible solution of an ILP.

Two latin squares of order n A = (a;;) a
B = (bi;) are orthogonal, if ordered pairs
(aij,b;;) are mutually different. Formulate
the problem of finding a pair of orthogonal
latin squares of order n as a problem of fin-
ding a feasible solution of an ILP.
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10. ALGORITMY PRE CELOCISELNE LINEARNE PROGRAMOVANIE
ALGORITHMS FOR INTEGER LINEAR PROGRAMMING

UVODNE OTAZKY WARM-UP QUESTIONS
A1 Akym predpisom je definovany Gomoryho rez? A1 What inequality defines a Gomory cut?
ZAKLADNE ULOHY CORE EXERCISES
Nasledujice tlohy CLP rieste Gomoryho zlom- Solve the following ILPs by the Gomory’s cutting
kovym algoritmom. plane algorithm.
B1
T + 3ry — max
4$1 + QIQ S 13
-1+ X2 S 2
x1-9 > 0, celé / integer
B2
—2r1 + 39 — min
2I1 + 4332 Z 1
4$1 + 612 S 3
xr1_9 >0, celé / integer
Nasledujice tlohy CLP rieste metdédou vetiev Solve the following ILPs using branch and bound
a hranic. algorithm.
B3
T1 — 2T9 — min
2.%‘1 + 29 S 5
—4$1 + 4.252 S 5
xr1_9 >0, celé / integer
B4
4x1 + dxo + 3$3 — Imax
3x1 — 229+ 13 <15
T+ 21’2 + Z3 S 8
x1-3 > 0, celé / integer
OTAZKY NA ZAMYSLENIE BRAIN TEASERS
C1 Co sa stane, ak sa Gomoryho algoritmus C1 What will happen if the cutting planes algo-
reznych nadrovin aplikuje na taky problém CLP, rithm is applied to an ILP whose corresponding
ktorého relaxdcia mé pripustné (necelociselné) rie- LP relaxation has a feasible nonintegral solutions

Senie ale ziadne pripustné celociselné riesenie? but no feasible integral solutions?
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C2 Skiste zostrojit’ iny typ reznej nadroviny
(odlisnej od Gomoryho).

DOPLNKOVE ULOHY

Nasledujice tilohy CLP rieste Gomoryho zlom-
kovym algoritmom.

D1
3r1 + 41’2 — max

.I1+3ZL’2§4
2551— .CE2§6

C2 Try to create another cutting plane (different
from the one of Gomory).

ADDITIONAL PRACTICE

Solve the following ILPs by the Gomory’s cutting
planes algorithm.

x1_9 >0, celé / integer

D2
41 — 229 — min

2$1 + 3332 S 7
3.T1 - 5x2 S 15

x1-9 > 0, celé / integer

D3
5r1 + 8Ty — max

61‘1 + 71’2 S 10
8$1 -+ 433'2 S 16

r1_9 >0, celé / integer

D4

6x1 — 229 — 3x3 — min
2x1 + 4xo 4+ 33 < 20
o + 21’3 S 16

X1 —

x1-3 > 0, celé / integer

D5

3xr1 + 4xy — Tx3 — 64 — min

2[L‘1 +3£L‘2+2IL’3 —5174 S 8

45(}1 -+ 2562 — 5%3 + 233‘4 S 10
r1 +4xy + 623 + 314 < 18
x1-4 > 0, celé / integer

D6

6x1 + 7o 4+ 83 — 9y + 205 — max
T+ 229 — 223 + 314 — 35 < 24
2x1 — 3x9 4+ 623 — by + 8x5 < 35
x1-5 > 0, celé / integer
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DT 6x1 + 729 + 8x3 — 924 + 225 — max
T1 + 229 + 223 + x4 + 315 < 24
221 + 3x9 + 623 + 514 + 825 < 35
x1-5 > 0, celé / integer
Nasledujice ulohy CLP rieste metédou vetiev Solve the following ILPs using the branch and
a hranic. bound algorithm.
D8
8x1 + 1529 — max
10z + 2129 < 156
201 + 19 < 22
x1_9 > 0, celé / integer
D9
3x1 + 1329 — max
2x1 + 929 < 40
11z — 8xy < 82
r1_9 >0, celé / integer
D10
921 + 229 + 33 — max
T+ x9— 23<H
21 — w9+ 3w3 < 8
xr1_3 >0, celé / integer
VYSLEDKY / SOLUTIONS
Bl x7" =37, fi" =12, X7 = (1,3)", /" = 10,
B2 x{ = (3, %T, =2 CLP nepripustnd / ILP infeasible.
B3 szt _ (%)%)T7 fzpt _ _%7 opt —(1,2)7, opt __3
B4 szt:(%vgvo)T’ zpt:_%7 opt =(5,1,1)7, opt_28.
D1 szt:(%’%)T’ zpt:7747 opt = (3, ) opt:9.
D2 XULpt = (0, %)T7 zpt — 7%7 opt = (0, ) opt — 4
D3 szt:(07L;))T, Zpt:%o’ Opt = (0, )T7 opt
D4 xP' = (0,0,2)7, fP* = —20, Opt =(0,0,6)7, f{?" = —18.
D5 xP' =(0,0,%,3)7, ”Pt =(0,0,1,4)T.
D6 x7" = (0,457, 5,0,0)7, °pt = (0,35,23,0,0)7.
D7 xP'=(32,0,0,0,0)7, "pt = (16,1,0,0,0)7.
D8 Xy = (55, ¥, X = (9, >
Do X = (8.7, = (2
D10 x77* = (0, %,0)7, "pt (1,9 0.
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ZAVERECNY PROJEKT
THE FINAL PROJECT

Uloha o diéte je jedna z prvych reédlne riesenych
dloh linearneho programovania. Jej podstata
spo¢iva v navrhu zloZenia jedalneho listka pre Iud{
alebo krmnej davky pre zvierata tak, aby boli spl-
nené poziadavky zdravej vyzivy a zaroven aby bol
zostaveny jeddlnicek najlacnejsi mozny.

Vagou tlohou bude ziskat dostatok podkla-
dovych dét, zostavif a vyriesif matematicky mo-
del a spravne interpretovat ziskané vysledky. Na-
vrhnite zloZenie jedalneho listka pre Vami vybrany
typ osoby (mlady Sportujici muz, tehotnd alebo
dojc¢iaca zena, duSevne pracujuci veCne vystreso-
vany manazér ap.) Podrobnejsie poziadavky na vy-
pracovanie zadania si nasledovné.

e Ziskajte data o odporidcanych vyzivovych
davkach jednotlivych zloziek stravy, obsahu
zivin v jednotlivych druhoch potravin a ich
cenidch. MoZete vychddzat z internetovych
zdrojov, casopisov, knih, alebo vlastného
prieskumu, nezabudnite vsak presne citovaf
kazdy pouzity zdroj.

e Zvolte si nutrienty a dostatoéne pestry zo-
znam potravin. Zostavte tlohu linedrneho
programovania na najdenie najlacnejsieho
,spravneho jedalneho listka. Ulohu vyrieste
pomocou softvéru podla vlastného vyberu.

e Ziskany optimélny jedalny listok bude s
najvicsou pravdepodobnostou velmi malo
pestry. Vysvetlite, preco je to tak. Upravte
svoju tlohu, najlepsie pridanim vhodnych
ohraniceni, aby ste v optimalnom riesen{ do-
stali viac druhov potravin. Vysvetlite filozo-
fiu navrhnutych dprav a ich téinnost pri do-
siahnut{ pozadovaného ciela. Vyrieste novi
tlohu a interpretujte ziskané rieSenie.

e Spracujte projekt vo vhodnom formaéte
tak a prezentujte ho pred spoluziakmi a
vyucujucimi na zaveretnom stretnuti v se-
mestri.

The diet problem belongs to first practically solved
linear programs. The idea is to find a diet for a
person or for animals that fulfils the requirements
of a healthy nutrition and simultaneously its cost
is as small as possible.

Your task is to collect enough data, construct
and solve a mathematical model and correctly in-
terpret the obtained results. Propose a diet for
a kind of person you choose (a physically active
young man, a pregnant or breast-feeding woman,
mentally working manager under constant stress,
etc.) A more detailed requirements are as follows.

e Collect the necessary data concerning the re-
commended quantities of various nutrients in
the diet, and their contents in various types
of food, and food prices. You can use any
type of sources: internet pages, books, peri-
odicals or your own research, but never for-
get to precisely cite the use source.

e Decide which nutrients to consider and pre-
pare a sufficiently rich list of various me-
als. Construct a linear program to find a
cheapest diet fulfilling the recommendations.
Solve this program using some software of
your choice.

e The obtained diet will most probably be very
monotone. Explain why is it so. Modify your
linear program by adding suitable new cons-
traints to get more different items in your
diet. Explain the idea of these changes and
their efficiency in obtaining your goal. Solve
the new linear program and interpret the
new solution.

e Prepare a presentation of your project in
an attractive format and show the results of
your work to your colleagues and teachers.
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ODPORUCANA LITERATURA
RECOMMENDED LITERATURE

Existuje vela knfh, kde sa mozno doéftat o
lineArnom programovani. Tento zoznam preto
v ziadnom pripade nemé ambiciu byf tplnym,
skor moze Studentov nasmerovat na publikicie s
rozliénym zameranim.

Najprv uvedieme klasické knihy, ktoré exis-
tuju aj v slovenskej verzii.

e G. B. Dantzig: Linear Programming and Extensions, Princeton University Press; 10" edition, 1998

There are many books devoted to linear program-
ming. Therefore this list has no ambitions to be
complete, it should rather mke the students aware
of publications with various highligts.

First we mention some classical books that
exist also in a Slovak version.

(Linedrne programovanie a jeho rozvoj, SNTL, 1966)

e S. I. Gass: Linear Programming: Methods and Applications, Dover Books on Computer Science, 5"

edition, 2003 (Linedrne programovanie, metédy a aplikdcie, SNTL 1972 )

Viem len o jednej monografii slovenskych a ¢eskych

autorov v nasich jazykoch:

I know only one monograph by Slovak and Czech

authors written in our languages:

e J. Plesnik, — J. Dupacova — M. Vlach: Linedrne programovanie, 1990

Struéné kapitoly venované linedrnemu programo-
vaniu sa ¢asto nachadzaju aj v ucebniciach a mo-
nografidch, ktoré su primarne venované kombina-
torickej optimalizacii alebo teorii hier. Medzi moje
oblibené patria:

Brief chapters denoted to linear programming can
often be found in textbooks and monographs that
have as their primary topic combinatorial optima-
lization or game theory. Here are a few I like:

e Ch. Papadimitriou — K. Steiglitz: Combinatorial Optimization: Algorithms and Complexity, Prentice Hall,

1984

e B. Korte — J. Vygen, Combinatorial Optimization: Theory and Algorithms, Springer, 2018

e D. C. Vella, Invitation to Linear Programming and Game Theory, Cambridge University Press, 2021)

Napokon niekolko knih, kde je déraz kladeny
na spracovanie tloh linedrneho programovania
roznymi softvérovymi nastrojmi:

Finally a selection of books where the emphasis is
put on solving problems of linear programming by
verious software tools:

e J. M. Sallan — O. Lordan — V. Fernandez, Modeling and Solving Linear Programming with R, OmniaS-

cience, 2015

o A. Wiese, A practical guide to linear and integer programming: ... with Python and Microsoft Excel,

Independently published, 2023

e R.J. Vanderbei, Linear Programming: Foundations and Extensions, Springer; 5! edition, 2020
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